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Aspects of Non-locality in Gravity
Since the beginning of the 20th century, much time and effort has been invested in the
search for a theory of quantum gravity. While this provided a myriad of possibilities, it
has so far failed to find a definitive answer. Here we take an alternative approach: instead
of constructing a theory of quantum gravity and examining its low energy limit, we start
with the conventional theory and ask what are the first deviations induced by a possible
quantization of gravity. It is proposed that in this limit quantum gravity, whatever the
ultimate theory might be, manifests itself as non-locality.
In this thesis are explored two different approaches to effective theories. In the first,
it is demonstrated how combining quantum field theory with general relativity naturally
gives rise to non-locality. This is explored in the context of inflation, a natural place to
look for high energy phenomena. By considering a simple scalar field theory, it is shown
how non-locality results in higher dimensional operators and what the effects are on infla-
tionary models.
The second approach looks at a theory which naturally incorporates a minimal scale. Non-
commutative geometry parallels the phase space or deformation quantization approach of
quantum mechanics. It supposes that at short scales, the structure of spacetime is al-
gebraic rather than geometric. In the first instance, we follow the first section and look
at cosmological implications by replacing normal scalar theory with its noncommutative
counterpart. In the second, we take a step back and examine the implications of quant-
ization on the differential geometry. The formalism is developed and applied to generic
spherically symmetric spacetimes where it is shown that to first order in deformation, the
quantization is unique.
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1Introduction
Understanding quantum gravity remains one of the holy grails of modern physics. How-
ever, despite many approaches being pioneered over the years there is, as of yet, no con-
clusive answer regarding the underlying theory. What can be said for certain, is that
classical gravity must be recovered in some limit of the quantum theory. A simple and
obvious statement, it is no less profound, representing a unifying feature that all ap-
proaches must have in common. But we can also turn it on its head by taking a step
back from this limit and asking: what do we expect the first deviation from the classical
theory to be? It is here that we find a simple, heuristic motivation which brings together
the works presented here. Ranging from quantum field theory calculations to relatively
formal mathematical proofs, they all describe effective theories. Unifying them is the idea
that there exists in nature some sort of minimal length scale, showing itself as non-locality.
Both the motivating example shown below and the first section demonstrate that by
simply including gravitational effects in conventional quantum theory, we see this phe-
nomenon arise quite naturally. After that is illustrated a more constructive approach
which incorporates the idea at a fundamental level. The argument whether or not the
theory presented there is in fact a self contained description of quantum gravity, or just
another step towards one, is rather more philosophical than physical. Exhaustively arguing
for either is beyond the scope of this thesis, but while the former position is doubtlessly
more bold, the latter is perhaps more in keeping with the overarching theme. More im-
portant is the principle allowing the construction of a (semi)quantum spacetime and how
this manifests in the classical theory. So we look at the scales at which effects become
apparent as well as the size of these scales.
Now consider the following thought experiment:
On the one hand we have quantum mechanics. Through it, a massive particle has a
de Broglie wavelength inversely proportional to its total energy λC ∼ 1/E. Suppose that
2we wanted to probe some event or region of size l. This can be resolved by a particle with
λC ∼ l. It follows that the higher the energy, the smaller the resolution. Note that in
order to fully localize a measurement, we would hypothetically need infinite energy. This
is nothing more than a qualitative restatement of Heisenberg’s uncertainty relation (since
E ∼ p for high momentum)
∆p∆x ≥ ~
2
(1.0.1)
which limits the accuracy with which a particles position can be measured in relation to
its momentum.
Now consider on the other hand gravity. Here we know that taking some mass (or equi-
valently, energy) and confining it within its Schwarzschild radius, the region containing
it will form a black hole of size rS = 2Gm. This forms the basis of the hoop conjecture
proposed by Kip Thorne [1]. A black hole is an extended object whose size grows with
increasing energy rS ∝ E after being formed. Juxtapose this with the previous paragraph
where we measure an increasingly small region with increasing energy. Now suppose we
take some particle and keep accelerating it, thereby probing an ever shrinking l. Sooner
or later we reach a critical point, λC ∼ l ∼ rS . What happens now? Well, rather than
continued acceleration giving increased resolution, by the hoop conjecture our particle
undergoes gravitational collapse and forms a black hole, increasing in size with energy,
concealing whatever happens behind its event horizon. So it would appear that once we
reach E ∝ rS , no matter how hard we try, no further improvements to measurement ac-
curacy can be achieved. Even worse, as energy increases the black hole grows. This leads
us to the idea of a minimum resolvable length
l ∼ min
(
1
E
,E
)
. (1.0.2)
Now, this is a simple and naive illustration, but nonetheless illustrates the limiting effects
of gravity when incorporated into quantum mechanics. Indeed we can posit the mass
of these smallest of black holes as m = mP giving physical meaning to the Plank scale.
However, it is not (or not only) the value of this scale which interests us here. Rather we
want to pay attention to the fact that though small, these black holes do nonetheless have
a nonzero extent given by the Schwarzschild radius as opposed to the pointlike nature
of particles. This extent is then the smallest possible measurable spacetime interval and
simplest illustration of non-locality. That is not to say however, that black holes need
3represent the smallest unit of spacetime and we can instead consider all and any possib-
ilities that give some sort of tessellation. Most important is the idea of a scale at which
the effects of quantum spacetime become important.
This thesis is laid out in a paper style fashion, based on three published works. The
introductory section is intended to complement the introductions and materials in these
papers as well as provide a thematic link. It is also intended to expand on the basics not
included in the papers and put their content in context. A reader might wonder at the
comparative lengths of the sections in this introduction, with much more space being ded-
icated to the last than the first. At heart, this is a work of physics and not mathematics.
However, the approach of the last section is rooted in the mathematical abstraction of
familiar physical principles and it would seem insincere to simply state the results without
imparting some degree of understanding of how they came to be. Especially since the
formalism is comparatively new and possibly unfamiliar. It therefore seems appropriate
to spend more time introducing, hopefully to a sufficient degree, the technicalities behind
the approach.
We look at the subject from two perspectives: the first is to explore how non-locality
arises naturally in the context of quantum field theory. In a way not to dissimilar from
the above example, it is demonstrated how coupling gravity to some low energy sector res-
ults in interaction separated by a non-zero spacetime interval. The second is a constructive
approach, namely noncommutative geometry. It posits that spacetime is quantized and
its underlying structure is algebraic rather than geometric. First is taken what might be
called a “dynamic approach”, where the Physics on such a spacetime is explored in the
context of an effective field theory. Here are introduced the basic ingredients which are
used in that particular publication but also serve as a basis for the following section. There
we take a closer look at geometry itself and extend the analysis to the differential geo-
metry. This is used to abstract and define familiar objects like the metric and connection
in algebraic terms. We then examine the relationship between the classical geometric and
the semiclassical algebraic structure within the context of Poisson-Riemannian geometry.
41.1 Non-locality in General Relativity
We must however, practice caution in dealing with effective theories, specifically about the
issue of perturbative unitarity. We consider the work in [2,3], where the authors examined
the perturbative unitarity implications of 2 to 2 s-channel graviton scattering as shown in
1.1. These works were concerned with the so called self healing of perturbative unitarity.
Figure 1.1: S-channel graviton exchange
For the S-matrix element
〈p1p2|S |k1k2〉
which in an interacting theory is written as S = 1+ iT , we require S†S = SS† = 1 which
implies i(T † − T ) = T †T giving rise to the optical theorem [4]
Im(M) = 2Ecmpcmσ
whereM is the scattering amplitude for a given process, σ the cross-section, Ecm and pcm
the centre of mass energy and momentum respectively. In a renormalizable theory this is
required to be satisfied order by order. However, in an effective theory, we are expanding
in powers of the energy which leads to the amplitude itself becoming energy dependent and
giving rise to problems in respecting tree level unitarity. Violation is usually interpreted
as the emergence of new Physics, since we suppose that there may be unknown effects at
higher energies.
In [2] the authors considered the process 1.1, giving rise to the perturbative unitarity
bound
|Re(M)| ≥ 1
2
(1.1.1)
and asking at what energy this is violated. The tree level scattering amplitude is given by
MTree = −GNNEcm
40
(1.1.2)
5where we have N = Ns+3NV +12Nf , where N is the total number of degrees of freedom
in the theory, so Ns for scalar, NV for vector particles and Nf for Fermions. This is
calculated for Ecm much greater than the masses of the particles involved. It was shown
that perturbative unitarity violation takes place at energy
Ecm =
20
GNN
. (1.1.3)
In the standard model, Ecm ∼ 6× 1018GeV or about half of the Plank mass. This result
indicates that new Physics occurs well below the Planck scale and we could posit that the
‘actual’ Planck scale ought to be around (GNN)−1/2. Now the question arises how this
links up to earlier arguments given about a minimal length.
So we consider arguments given in [3] that perturbative unitarity can heals itself. They
demonstrated that by iterating the one loop diagrams and resuming the multi loop cor-
Figure 1.2: Loop correction to s-channel graviton exchange. Loops contain a sum over all
elementary particles
rections one obtains
M = αEcm
1− αEcmpi ln(−Ecmµ )
(1.1.4)
where α = NGN120pi and µ is the renormalization scale. The loops are calculated using
dimensional regularization. This is referred to as the dressed amplitude and satisfies
(1.1.1). The corresponding dressed propagator is what we will actually be interested in
and reads
iDαβ,µν(q2) = i(L
αµLβν + LανLβµ − LαβLµν)
2q2
(
1− αq2 ln(− q2
µ2
)
) . (1.1.5)
It has been observed [2] that the second term in the denominator gives rise to two ad-
ditional complex poles leading to acausal effects. These become appreciable at energies
approaching 1/
√
NGN = Mp/
√
N . It is also interesting to note the dependence of the
Planck scale on the number of particles so that a large sector beyond the standard model,
could render Planck sized objects detectable with current experiments. The absence of
observed quantum gravity effects at the TeV scale at the LHC, puts an upper bound on
6the number of particles which couple gravitationally to the standard model atN ∼ 1033 [5].
Now, the propagator shown above was examined by the authors in [6] where it was shown
to correspond to an effective action
Γ = ΓL + ΓNL (1.1.6)
where the local, gravitational effective action is
ΓL =
∫
d4x
√
g
(
1
κ2
R+ c1(µ)R
2 + c2(µ)RµνR
µν + c3(µ)RαβµνR
αβµν
)
(1.1.7)
where cn(µ) are the renormalized coupling constants depending on the renomalization
scale µ and we keep only parts up to second order in curvature. The non-local part is then
ΓNL =
∫
d4x
√
g
(
αR ln
(

µ2
)
R+ βRµν ln
(

µ2
)
Rµν + γRαβµν ln
(

µ2
)
Rαβµν
)
.
(1.1.8)
In [7] the authors performed a comprehensive study of this type of action containing infin-
ite order differential operators which appear widely when studying non-local phenomena.
However, we will follow the analysis of [6] where terms like those above were referred to
as quasi-local. The full non-locality is made explicit by resolving the ln
(
/µ2
)
operator
in the following way.
First are introduced the position space eigenstates, which are normalized covariantly
〈x|y〉 = δ
(4)(x− y)
(
√√
g(x)
√
g(y))
(1.1.9)
where by x and y we denote two separate spacetime points. Now, taking as an example
the Ricci term, it can be resolved as
S =
∫
d4x
√
g(x)R(x)
∫
d4y
√
g(y) 〈x| ln
(

µ2
)
|y〉R(y), (1.1.10)
allowing us to see the non-locality more explicitly by writing the action in such a way that
it depends on separate points. In fact we can go even further by defining the interpolating
function as
L(x, y) = 〈x| ln
(

µ2
)
|y〉 (1.1.11)
7thereby rendering the above as
S =
∫
d4x
∫
d4y
√
g(x)R(x)L(x, y)
√
g(y)R(y). (1.1.12)
The same can be done for the remaining terms in (1.1.8). These considerations lead to
the first paper in chapter 2. Here it is shown that non-local terms emerge as higher order
effective operators in the matter sector of the Lagrangian.
1.1.1 Summary
This first paper essentially follows the procedure shown above with the first steps reversed.
Starting out with the resummed propagator (1.1.5), the amplitude for gravitational scat-
tering of two scalars is rewritten in a manner similar to (1.1.4). It is then shown that the
same amplitude results from a non-local dimension 8 effective operator
2
15
G2NN
(
∂µφ∂
µφ−m2φ2) ln(− 
µ2
)(
∂µφ∂
µφ−m2φ2) . (1.1.13)
The ln
(
− 
µ2
)
term is resolved as a interpolating function L(x−y). The next section derives
bounds on this operator from the cosmic microwave background using the standard form
for the speed of sound in cosmology. From this is obtained
c2S = 1−
2
15pi
H2NGN (1.1.14)
where H is the Hubble parameter and  = 116piGN
1
V 2
(
∂V
∂φ
)2
is the slow roll parameter.
This indicates that one would expect a small amount of nongaussianity in the CMB.
1.2 Noncommutative Geometry
Expecting some sort of non-locality at very high energy scales is reasonable and we have
seen how a very conservative approach gives rise to phenomena that can be interpreted as
exactly that. Another approach, the one we will be concentrating on, is noncommutative
geometry. Instead of considering fields propagating on some background spacetime, the
aim is to quantize spacetime itself. The methodology is inspired by conventional quantum
mechanics: Quantizing a classical phase space with coordinates x and p, means replacing
these with their corresponding hermitian Hilbert space operators, xˆ and pˆ. A well known
implication is the Heisenberg commutator [xˆ, pˆ] = i~ which results in the uncertainty
relation (1.0.1). This, as discussed, limits the accuracy of any sort of measurement. In
8phase space, we can see this as a sort of ‘smearing’ where points can no longer be localized
with infinite precision but we have a resolution ∼ ~. This can be thought of as a form of
non-locality with Planck’s constant providing the scale.
One may well ask whether the notion of a point still makes sense, as it could be argued
to be a fundamentally meaningless in this case. More generally even, whether geometry
is at all suitable: If we mean to quantize gravity, doesn’t that mean we need to quantize
geometry itself? To get around this, we think of quantities like functions not as geometric
objects, but rather more abstractly as elements of some algebra which will ultimately allow
us to apply a quantization procedure based on that of quantum mechanics.
More explicitly, it is based on a formalism developed by Herman Weyl [8], which made
explicit the relationship between the algebra of Hilbert space operators and phase space
coordinates. It assigned to each phase space observable or function, f say, its Weyl symbol
W[f ] corresponding to the hermitian quantum observable associated to f . The composition
of two such operators is given by the convolution of their argumentsW[f ]W[g] =W[f ?g].
Later on, both Groenewold [9] and Moyal [10] independently developed the phase space
formulation of quantum mechanics, whereby Hilbert space operators are replaced entirely
by functions in phase space. It relied on invertibility of the Weyl mapping allowing, one
two work with functions directly, in particular f ? g = W−1[W[f ]W[g]] where ? is the
famed noncommutative and associative Moyal product. Note that the functions them-
selves still take their classical values, only the product between them is changed. The
Weyl mapping can be considered as an algebra homomorphism with respect to the Moyal
product W : (C∞(M), ·)→ (C∞(M), ?) for M = R2d. We can thus view quantization as
such a mapping between algebras. In particular, for any two functions f ? g = fg +O(~)
we can write
[f, g]~ = f ? g − g ? f = i~{f, g}+O(~2). (1.2.1)
Since { , } is the Poisson bracket on R2d, in the 2-dimensional case this reduces to the
Heisenberg uncertainty relation [x, p]~ = i~. Quantization therefore amounts to replacing
ordinary multiplication with a noncommutative product. This is referred to as deforma-
tion quantization and forms the basis of everything that is to follow.
Noncommutative geometry can then be thought of as the generalization of this to ar-
bitrary manifolds, where we seek to apply a similar quantization procedure to spacetime
9rather than just phase space. The algebra of functions over a spacetime manifold C∞(M)
generated by the coordinate functions xi is replaced with the noncommutative C∗-algebra
of Hilbert space operators with hermitian generators xˆi. We then impose on these some
form of commutation relation, for example
[xˆi, xˆj ] = iθij (1.2.2)
where θij is an antisymmetric, rank 2 tensor. Analogous to quantum mechanics, this leads
to the uncertainty relation
∆xi∆xj ≥ 1
2
|θij |. (1.2.3)
So we see the same sort of smearing phenomenon of Heisenberg’s principle, but now in
spacetime. By this method we introduce into geometry a scale controlled by coordinates
failure to commute. It indicates that what we might call classical geometry is valid down
to scales ∼√|θ| after which it breaks down. Indeed, before the advent of renormalization
in QFT, it was thought that this coarse graining could provide a natural cutoff to control
the infinities arising there. For example Snyder developed a theory of discrete spacetime
without breaking Lorentz invariance [11]. The scale itself could be identified with the
Planck length, although there is no a priori reason to do so. In any case, this represents
a theory which has the notion of a fundamental length scale ‘built in’ in contrast to the
previous section where it was emergent.
1.2.1 Poisson Structure
Definitions of quantities used here and elsewhere are given in Appendix A. Poisson struc-
tures are of central importance in noncommutative geometry. So we first make some
definitions that will be useful in the rest of this thesis, in particular the notion of a Pois-
son algebra by which we mean:
A vector space A over some field k which, for f, g, h ∈ A, has the following properties
• A commutative, associative product · : A×A → A
• A Lie algebra structure { , } : A×A → A called the Poisson bracket which satisfies
the compatibility condition
{f, gh} = {f, g}h+ g{f, h}
10
and the Jacobi identity
{f, {g, h}}+ {h, {f, g}}+ {g, {h, f}} = 0.
A Poisson Manifold is a manifoldM where the vector space of smooth functions C∞(M)
forms a Poisson algebra. We also define the skew-symmetric Poisson tensor or bivector
field by
ω(df, dg) = {f, g}. (1.2.4)
It will prove useful to express this locally, so suppose we coordinate M with {xi} for
i ∈ [1, ..., d], also defining a basis {∂i} ∈ T (M). Hence ω = ωij∂i ∧ ∂j so the Poisson
bracket can be written as
{f, g} = ωij∂if∂jg (1.2.5)
from which it follows that {xi, xj} = ωij , so obviously ωij = −ωji. Using this form, the
Jacobi identity can be written as
∑
cyclic(i,j,k)
ωim∂mω
jk = 0. (1.2.6)
A Hamiltonian vector field is defined by
fˆ ≡ {f, } (1.2.7)
which, using the above, can be expressed locally by fˆ = ωij(∂if)∂j and hence
fˆ(g) = {f, g}. (1.2.8)
In everything that follows, it will be implicitly assumed that we are working over a Poisson
manifold (M, { , }), the importance of which is due to the famous result by Kontsevich [12]
where it was demonstrated that the formalism to be outlined below can always be applied
in this case.
1.2.2 Star Products
This section is intended to give a very brief and condensed overview of deformation quant-
ization as defined by Kontsevich [12]. It is not intended to be comprehensive, but rather
explain some of the aspects relevant to the later sections. For this reason we will mainly
11
be interested in deformations at first order in the deformation parameter and how they
relate to the Poisson bracket.
Let (A, { , }) be a Poisson algebra and take A = C∞(M). For k we usually take either
the real or complex numbers. By a deformation is meant the extension of A by a formal
power series1 in a parameter λ ∈ C to A[[λ]] over k[[λ]]. The deformed algebra A[[λ]]
is associative (but not necessarily commutative) and with A = A[[λ]]/λA[[λ]]. We take
f, g, h ∈ A ⊂ A[[λ]]. Following [12], a star product is a k[[λ]]-linear, associative product
? : A[[λ]]×A[[λ]]→ A[[λ]] defined by
f ? g =
∞∑
n=0
λnBn(f, g) (1.2.9)
where Bn : A ×A → A is a bi-differential operator with Bn(1, f) = 0 and B0(f, g) = fg
that can be written locally as
Bn(f, g) =
∑
A,B
αA,Bn ∂Af∂Bg (1.2.10)
for multi-indices A = (a1, · · · , ai) and B = (b1, · · · , bj) for any i, j ∈ N. We ask that this
be associative so that
f ? (g ? h) = (f ? g) ? h (1.2.11)
which can also be expressed as a power series
∑
i
∑
j
λi+jBi(f,Bj(g, h)) =
∑
i
∑
j
λi+jBi(Bj(f, g), h). (1.2.12)
Now concentrate on the O(λ) part. Decompose the first order bi-differential operator into
symmetric and antisymmetric parts B1 = B
−
1 +B
+
1 so B
−
1 (f, g) = B1(f, g)−B1(g, f) and
B+1 (f, g) = B1(f, g) +B1(g, f). From this we see that
[f, g]λ ≡ f ? g − g ? f = λB−1 (f, g) +O(λ2) (1.2.13)
which already indicates the relationship between B1 and the Poisson bracket. Additionally,
we can check the condition for associativity at this order. Thus, by expanding (1.2.12)
1By formal is meant that the series needn’t be, in some sense, convergent. In physical applications,
convergence is usually assumed.
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and considering cyclic permutations we derive the relations
B−1 (fg, h) = fB
−
1 (g, h) +B
−
1 (f, h)g
B−1 (f,B
−
1 (g, h)) +B
−
1 (h,B
−
1 (f, g)) +B
−
1 (g,B
−
1 (h, f)) = 0.
(1.2.14)
which we recognize as the product and Leibniz rules from the previous section. We can
hence identify the first order antisymmetric part of the bi-differential operator with the
Poisson bracket
B−1 (f, g) = {f, g}. (1.2.15)
An important property of the star product arises from asking the question whether there
exists a relation between ? and some other ?′. Define C : A[[λ]] → A[[λ]] which is k[[λ]]-
linear map referred to as a gauge transformation. This can be expanded as a power
series in λ as C = 1 +
∑
n λ
nCn where Cn : A → A, analogously to B. It then acts as
C(f) = f +
∑
n λ
nCn(f) and, because of k[[λ]]-linearity, we can write
f ?′ g = C−1(C(f) ? C(g)). (1.2.16)
At first order in deformation expanding gives the relationship
B′1(f, g) = B1(f, g) + fC1(g) + C1(f)g − C1(fg) (1.2.17)
i.e. the gauge transform to first order is symmetric in f and g. The antisymmetric part
is not affected i.e. B′−1 = B
−
1 and we can always choose some C to eliminate B
+
1 , so
the first order deformed product can always be given in terms of the Poisson bracket.
Indeed, Kontsevich showed that gauge equivalent star products are classified by Poisson
structures [12]. Therefore it is always possible write
f ? g = fg +
λ
2
{f, g}+O(λ2) (1.2.18)
modulo gauge transform. He also showed that this could be associatively extended to
all orders as well as proving a procedure for doing so based on (1.2.9). While we could
go into further details, for the rest of this thesis we will not require more than what is
outlined here. The most important part is to note the general principle that there always
exists a full, associative deformation quantization for any given Poisson manifold where
the product can be expressed as above.
13
1.2.3 Constant Poisson Tensor
The previous sections establish two things. Firstly, quantization can be performed al-
gebraically by replacing the pointwise product of functions. Secondly, such a product
always exists and can be defined to all orders if there exists a Poisson tensor. Given this,
we can apply deformation quantization to spacetime functions and take the first steps in
testing physics with quantized gravity. The essence of this approach is to suppose that
the underlying spacetime is quantized, with the quantum structure encoded in the de-
formed product. We then further suppose that this can be used to construct an effective
field theory where the expansion gives rise to higher order operators. This in turn gives
rise to the interpretation of the expansion parameter as the scale of quantum gravity, so
it could in some way be related to the Planck mass. For example in (1.2.2), we could
identify
√|θ| ∼ Mp. Indeed, taking this particular example, we can now directly work
with functions rather than Hilbert space operators. Thus, using (1.2.13)
[xi, xj ]θ = θ
ij (1.2.19)
where θij is the Poisson tensor2. For the sake of keeping notation consistent with the
literature, we say that |θ| ∼ λ. Interest in this particular algebra was inspired by Seiberg
and Witten with the formulation of noncommutative geometry as a low energy effective
theory of string theory [13]. It has been studied in relation to gauge theory [14], particle
physics [15] and general relativity [16,17] amongst other things. A comprehensive overview
using this particular algebra and its relation to physics can be found in [18]. The product
can be obtained from
f ? g = · ◦ e i2 θij∂i⊗∂j (f ⊗ g) = fg + 1
2
θij∂if∂jg +O(θ2). (1.2.20)
This connects to a particular type of deformation known as a twist deformation which
leads into the mathematically rich formalism of quantum groups, see [19] for a physically
relevant example. However the details of this are not important to the present work so
we forgo introducing the formalism here. Indeed we will later examine a general approach
where the method of deformation is irrelevant up to first order beyond having a Poisson
structure. Rather we will focus on a simple prescription, which is to exchange ordinary
2This is just one of many possible algebras. Another example would be the Lie algebra type [xi, xj ] =
cijkx
k
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pointwise multiplication with star products. So for example, if we were to take
S =
∫
d4x
√
g
(
∂iφ∂jφ+ φ
4
)
(1.2.21)
it would then become
S =
∫
d4x
√
g ?
(
∂iφ ? ∂jφ+ φ ? φ ? φ ? φ
)
. (1.2.22)
Expanding the product using (1.2.20) then gives an effective field theory where the higher
order operators are dictated by the deformation. This is an efficient way of investigating
the effects of quantum spacetimes and is the topic of the second paper in chapter 3.
1.2.4 Summary
This paper deals with the application of the above to cosmology in order to set bounds on
the scale of θ. Taking a general scalar action (9), the product is replaced (10) (equations
in 3). At this point an interesting issue arises with the term ∂µφ ? ∂µφ. As pointed out, it
is required that the upper index be lowered and the metric extracted to obtain a complete
result. However, whereas scalars are not affected by deformation, the same isn’t necessar-
ily true of tensors. In [20], the authors show how the ?-product alters classical coordinate
invariance. Maintaining the correct transformation properties means considering noncom-
mutative tensors with certain conditions imposed. In the case of the noncommutative
metric, which we denote Gµν , this amounts to
Gµν |θ=0 = gµν Gµα ? G?αν = δµν (1.2.23)
where G?αν is called the ?-inverse of Gµα 3. The latter condition in particular, ensures
that one can raise and lower indices consistently. The simplest choice is to take Gµα = gµα
and is indeed the one made in 3. This is consistent with the above conditions and much
the simplest way of specifying the kinetic term. One could use this in conjunction with
the above to find G?αν , however this isn’t necessary for the discussion presented here. As
noted by the authors in [20], an alternative would be to start out with the vielbein Eµa
and write
Gµν =
1
2
(Eµa ? E
ν
b + E
ν
a ? E
µ
b) η
ab. (1.2.24)
3One could equally take Gµα as a starting point and consider G?αν . However, we want to find a
noncommutative analogue of gαν for the kinetic term.
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Although even here, Eµa needn’t be a classical vector field. The difficulty and ambiguity in
specifying a metric may be somewhat disconcerting, however, the next section deals with
it in detail. Indeed constructing a noncommutative (or quantum) metric is one the central
aims and issues like the raising and lowering of indices turn out to result in interesting
conditions. However, doing so is outside of the scope of this section and the attendant
paper.
It is also remarked that the algebra (1.2.19) is only left invariant under certain coordinate
transformations, which by considering xµ → xµ + ξµ(x), turn out to be
ξµ(x) = θµν∂νf(x) (1.2.25)
for some arbitrary function f(x). The Jacobian of these transformations is equal to one,
leaving the volume element invariant. This means we are considering unimodular gravity
which has det(gµν) = 1. As argued in [16, 21], the condition (1.2.25) does not place any
additional constraints on the metric. Furthermore, it is shown in [22] that the details of
the analysis of small cosmological perturbations is not affected by having det(gµν) = 1.
The paper demonstrates that by expanding out the ?-product, the lowest order contri-
butions are at O(θ2). It is then further argued that in the case of cosmology, where the
inflaton field is homogeneous, all corrections vanish and the theory is reduced to the clas-
sical version. However, the following section points out that this isn’t true of perturbations
and gives a modified power spectrum with O(θ2) corrections.
1.2.5 Note
It is pointed out here that the units of the result given in 3 are incorrect: It is stated that
the bounds are
√
θ ∼ 19 TeV, when in actual fact it ought to be θ−1/2 ∼ 19 TeV.
1.3 Noncommutative Differential Geometry
The previous sections gave a grounding in noncommutative geometry, but could be argued
not to tell the full story. Classically, gravity is described by geometry. The central conceit
of noncommutative geometry is that in order to describe quantum gravity, one requires a
quantum geometry. This then ought to, in the classical limit, reduce to classical geometry
in what has been called the quantum spacetime hypothesis [23, 24]. Introducing the star
16
product in the way done above, gives an effective field theory where the resultant higher
order operators encode the quantum structure of spacetime. However this falls somewhat
short of a true quantum geometry, since at the level of the action it is just that, an ef-
fective field theory. That is to say, the underlying spacetime is still classical, all be it
with additional dynamical terms. It is of course reasonable to expect that a theory of
quantum gravity can be described in this way. However, rather than just looking at the
dynamics, the formalism behind the previous section gives rise to much richer structures
which are more suited to looking for quantum versions of Riemannian geometry. However,
simply considering deformed functions is not sufficient for this purpose and we need to
think about what exactly is meant when we talk about a quantum Riemannian geometry.
The introduction introduced the idea of a fundamental problem with the formulation
of quantum field theory is its definition on a continuous background. It also argued that
even at a naive level, spacetime may not be pointlike at short scales. An effective field
theory avoids this problem by only being valid in a certain energy range, but is unsatis-
factory at a fundamental level. One would desire to have the classical geometry emerge
from the quantum theory in some limit. But how is that to work if we need to presuppose
that geometry to define a quantum theory in the first place as with any field theory?
Instead we can look to drop the assumption of a continuum. This is in fact, somewhat
implied by the previous sections when we talk about a minimum length scale. Taking a
step further, we might try to find a true quantum geometry. Noncommutative geometry
provides a possible path by supposing that the underlying quantum structure of spacetime
is algebraic rather than geometric. This framework includes the classical continuous case
but also allows for a generalisation to noncommutative spaces
To be able to fully understand Riemannian geometry, beyond the algebra of functions,
we also need to consider the exterior algebra of differential forms, which is necessary in
order to talk about (quantum) tensors. The approach examined here originates from the
idea of quantum groups mentioned briefly earlier. Early developments on bimodule con-
nections in [25–28] form the basis of quantum Riemannian geometry [24, 29–31] some of
which will be introduced here. Just as the algebra is controlled to first order by the Pois-
son bracket, so too is the differential algebra controlled by what will be introduced as the
Poisson connection. The combination of an algebra and a choice of differential algebra
constrains the possible metrics, implying the geometry to be in some sense intrinsic. As
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will be shown, one can derive compatibility conditions between the classical geometric
structure and the quantum structure at the semiclassical level. This is the basis for the
recently developed formalism of Poisson-Riemannian geometry [32] on which the final pa-
per of this thesis is based.
For our part, rather than constructing and examining the full quantum geometry, we are
mainly interested in the quantization at the semiclassical level. This is for several reasons.
As was shown in [30,33] and will be demonstrated here, attempting to quantize the exterior
algebra results in nonassociativity at second order in the deformation parameter. While
noncommutativity is well understood and motivated within Physics, nonassociativity is
another matter. At the very least it has the capacity to enormously complicate any cal-
culations but also poses very formidable formal challenges. From a physical standpoint, if
as before we consider the deformation as a ‘perturbative’ phenomenon in the deformation
parameter, it correspond to the scale at which quantum effects become important. So we
will only be interested in terms at linear order hence avoiding any nonassociativity.
1.3.1 Tensors and Notation
This section is intended to give an overview of the notation and conventions of the next
section which might be unfamiliar. We will use definitions given in appendix A for vector
spaces and tensor products. These allow us to define the notion of a tensor as a multilinear,
map taking several vectors and dual vectors to an element in the corresponding field k.
Thus, abstractly, a tensor T of type (p, q) is defined as the map
T :
p⊗
V
q⊗
V ∗ → k (1.3.1)
for a vector space V and its dual V ∗. The notation above is a shorthand for
p⊗
V = V ⊗ V ⊗ · · · ⊗ V︸ ︷︷ ︸
p times
(1.3.2)
so we simply take p copies of V .
It certainly seems very different to the usual treatment of tensors from previous sections
and indeed, Physics in general. At the very least, one might expect to see a bunch of
indices. However, writing tensors in that way doesn’t show the full picture, in particular
coordinate independence. An element v ∈ V is written without explicit reference to any
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basis, but we can always choose a set {ea} ∈ V for which v = vaea. The same can be done
with the dual space: If {ea} ∈ V ∗, then φ ∈ V ∗ can be written as φ = φaea. According to
the above definitions, these are (1, 0) and (0, 1) tensors respectively. We see the split into
basis and coefficients, which show the more familiar ‘indexed’ form. This applies also to
higher ranked tensors. For example, a (2, 1) tensor T is decomposed as T = T abcea⊗eb⊗ec.
In our case, we will exclusively work with the cotangent space basis {dxµ}, also called
one-forms. The set containing these is denoted by Ω1(A) and also referred to as the
exterior or differential algebra. We do this since if we were to take some manifold with
coordinates (or function algebra with generators) xµ, the exterior algebra can be simply
obtained by the action of the exterior derivative. That is, taking {xµ} ∈ A, the as-
sociated differential algebra is obtained by d : A → Ω1(A). So for example, the basis
(t, x, y, z) in function space becomes (dt, dx, dy, dz) in Ω1(A). From the discussion above,
we can use this to express tensors: The metric tensor, denoted g, can be decomposed as
g = gµνdx
µ ⊗ dxν . In everything that follows, when we speak of tensors, we are referring
to the object g ∈ Ω1(A)⊗Ω1(A). On the other hand, we think of gµν as tensor coefficients
which are in A.
Distinguishing between the basis elements and tensor coefficients will be very important
in what is to come: One needs to differentiate between elements of the function algebra
(to which tensor coefficients are counted) and the exterior algebra (which contains the
dxµ’s). As will be shown, in the noncommutative case multiplying elements of A with
other elements of A is structurally very different to multiplying elements of A with those
of Ω1(A)
1.3.2 Preliminaries
In order to examine the quantum geometry, we must first define it. This is done by
casting classical geometry in algebraic terms which allows us to generalize to cases where
the coordinate algebra is no longer commutative, pursuing the same idea as the previous
section. We generally follow [34] for the first part this section and take f, g, h ∈ A, α ∈ Ωn
and β ∈ Ωm unless stated otherwise. Take an algebra with some associative but not
necessarily commutative product (A, ·) and Ω(A) = ⊕iΩi(A). We say, that we have a
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differential graded algebra (Ω1, d) of A if
• Ω1(A) is an A-bimodule
• d : A → Ω1(A) obeying d(fg) = d(f)g + fdg and d2 = 0
• There is a product ∧ : Ωn(A)⊗ Ωm(A) → Ωn+m(A) so that d(α ∧ β) = d(α) ∧ β +
(−1)|α|α ∧ d(β)
• Ω1 = span{fdg} ∀f, g ∈ A
The first condition means that multiplication of elements in Ω1(A) by elements in A can
be done from both the left and the right. We also say that Ω1(A) is a calculus over A
with elements in Ωm(A) referred to as m-forms. An obvious example is A = C∞(M) with
classical pointwise multiplication and Ω1(A) = T ∗M in which case d is the usual exterior
derivative and T ∗M is spanned by the basis one-forms {dxµ}. However, this abstract
construction is more general and includes cases where the product is not commutative so
fg 6= gf
α ∧ β 6= −β ∧ α.
(1.3.3)
Taking two algebras A and A′ with calculi Ω(A) and Ω(A′) one also has tensor product
Ω(A⊗A′) = Ω(A)⊗A Ω(A′). (1.3.4)
The subscript is indicative of the property
α⊗A fβ = αf ⊗A β. (1.3.5)
Now consider ∧ applied to one-forms ∧ : Ω1(A)⊗AΩ1(A)→ Ω2(A). It allows us to define
a notion of something being ‘symmetric’. So, if for some a ∈ Ω1(A) ⊗A Ω1(A) we have
∧(a) = 0, a will be referred to as being quantum symmetric. In the classical case this
is obviously the wedge product with the usual skew-symmetry. Conversely, one can also
consider the inverse lift map which takes 2-forms into antisymmetric 1-1-forms
i : Ω2(A)→ Ω1(A)⊗A Ω1(A) (1.3.6)
so that ∧ ◦ i = id. Next consider some arbitrary A-bimodule E. By this we mean that
E can be a tensor or wedge product of bimodules since they both preserve the bimodule
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property, so for example E = Ωm(A). It will prove useful to define the map
σE : E ⊗A E → E ⊗A E (1.3.7)
called the generalized braiding which has the function of flipping the tensor factors around
the tensor product with the property σ2E = id. Classically this is simply σE(α ⊗A β) =
β ⊗A α, for example.
Next we extend the notion of a connection to the bimodule construction. A (left) connec-
tion is a map
∇E : E → Ω1(A)⊗A E (1.3.8)
which obeys the (left) Leibniz rule ∇E(fe) = df ⊗A e+ f∇Ee for e ∈ E. This is extended
to a bimodule connection [25] using the braiding defined in (1.3.7) giving
∇E(ef) = ∇E(e)f + σE(e⊗A df). (1.3.9)
So a bimodule connection on E is given by (∇E , σE). Further, if such a σE associated
with a left connection exists, then it is uniquely determined by the formula
σE(e⊗ da) = da⊗ e+∇E [e, a] + [a,∇Ee]. (1.3.10)
This construction can be extended to tensor products of bimodules. Take (∇E , σE) on E
and (∇F , σF ) on F . Now the connection extends to tensor products as
∇E⊗AF = ∇E ⊗A idF + (σE ⊗A idF )(idE ⊗A ∇F ) (1.3.11)
with the braiding
σE⊗AF = (σE ⊗A idF )(idE ⊗A σF ) (1.3.12)
thus giving the bimodule connection (∇E⊗AF , σE⊗AF ) on E ⊗A F .
What we have seen so far can easily be identified with classical differential geometry, but
also includes far more general cases. It is at this point we will refer to Physics as guide to
continue our construction. After all, the aim is to apply this formalism to the problem of
quantum gravity and since the usual starting point is the metric, that is exactly where we
turn our attention to next. But this does present some conceptual problems. In Rieman-
21
nian geometry, the metric measures distance between points through the line element.
However, the whole purpose of moving to noncommutative geometry and its algebraic
formulation in the first place is to get around the problem of the continuum assumption
of differential geometry. That is, the idea that at its most abstract level, a manifold is a
collection points. What then is the use of a metric? Well here is exactly where we take
our cues from Physics; since one would hope to have the classical case emerge from the
quantum one, it makes sense to start from the same place we would for any physics prob-
lem. Construction of the quantum geometry starts from the same point but rather than
thinking of the metric in geometric terms, we instead concentrate its abstract properties.
We will focus on the construction of [24] since this is what will be relevant to later sections.
It seeks to maintain the role of the metric in contracting tensor indicies as is familiar in
GR and is necessary for the present formulation of noncommutative Riemannian geometry.
So in this vein, the metric is taken to be an element
g ∈ Ω1(A)⊗A Ω1(A). (1.3.13)
We can impose on it the requirement that it be symmetric in the sense ∧(g) = 0. Now
suppose that there exists an inverse giving rise to an inner product ( , ) : Ω1(A)⊗AΩ1(A)→
A so that for a one-form
(( , )⊗ id)(α⊗A g) = α = (id⊗ ( , ))(g ⊗A α) (1.3.14)
which is also a bimodule map so that f( , ) = (f( ), ) and ( , )f = ( , ( )f). In the commut-
ative case this is simply (dxµ, dxν) = gµν . Then, take g = g1 ⊗A g2 and write
fα = (( , )⊗ id)(fα⊗A g) = (fα, g1)g2 = f(α, g1)g2. (1.3.15)
Using the bimodule property this can also be rendered as
fα = (id⊗ ( , ))(g ⊗A fα) = (id⊗ ( , ))(gf ⊗A α) = g1(g2f, α). (1.3.16)
Since the rightmost expressions must be equal, we have [f, g] = 0 for all f ∈ A, i.e. the
metric commutes with functions. It is said to be central in the algebra.
Now, putting everything together, it is natural to ask about the existence of a connection
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associated with the metric. This can be analogous to the Levi-Civita connection which is
torsion free and metric compatible. The torsion of some ∇ is the map T : Ω1A → Ω2A
and defined as
T∇ = d− ∧∇ (1.3.17)
so torsion free means having ∧∇ = d. We can then define metric compatibility by the
vanishing of
∇g ≡ (∇⊗ id)g + (σ ⊗ id)(id⊗∇)g ∈ Ω1 ⊗ Ω1 ⊗ Ω1 (1.3.18)
for some bimodule connection. A connection that is both torsion free and metric compat-
ible will be referred to as a quantum Levi-Civita connection.
1.3.3 Deformation
We now focus on implementing the previous section in a deformation setting following [35].
So take A to be C∞(M)[[λ]] with deformed product • and deformation parameter λ.
Likewise for the exterior algebra. Functions and one-forms take their classical values and
f • g = fg +O(λ). For reasons that were mentioned earlier, we are only interested in the
semi-classical data, that is terms at O(λ) and will generally neglect anything at higher
order. Denote the commutator by
[f, g]λ = f • g − g • f = λ{f, g}+O(λ2) (1.3.19)
where { , } is the Poisson bracket. A note on notation: In contrast to the previous section,
deformed or quantum quantities will carry the subscript λ to distinguish them from their
classical counterparts. For example, we use d for the classical exterior derivative and use
dλ for its deformation related by dλf = df + O(λ). We also have the deformed exterior
product ∧λ which is similarly related by α ∧λ β = α ∧ β + O(λ) and assumed to be
associative at O(λ). dλ obeys the graded Leibniz rule
dλ(α ∧λ β) = dλ(α) ∧λ β + (−1)|α|α ∧λ dλ(β). (1.3.20)
Since Ω1(A) is a bimodule over A, we also have
[f, α]λ = λγ(f, α) +O(λ2). (1.3.21)
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The map γ is said to be Poisson compatible if
d{f, g} = γ(f, dg) + γ(g, df). (1.3.22)
Further, analogous to the Leibniz rule for the Poisson bracket {f, gh} = g{f, h}+ {f, g}h,
it satisfies
γ(f, αg) = γ(f, α)g + α{f, g} (1.3.23)
and thus is a derivation on A. The meaning of γ perhaps becomes more clear when cast
in the form
γ(f, α) = ∇fˆα (1.3.24)
and we see that it can be thought of as a connection along the Hamiltonian vector field
fˆ = {f, } which we call a Poisson connection. Now it should be noted that ∇fˆ is only
partially defined in that it lies only along fˆ and is therefore referred to as a preconnection.
However, in the application of this in a later chapter we will actually take a Riemannian
manifold with a metric as starting point and find a Poisson connection compatible with
the available structure, in which case we can safely think of ∇fˆ as a (but not usually
Levi-Civita) covariant derivative. It will be useful to bear in mind the curvature which is
defined in the usual way
R(fˆ , gˆ) = ∇fˆ∇gˆ −∇gˆ∇fˆ −∇{f,g}. (1.3.25)
Returning to the algebra (1.3.19), this clearly follows the Kontsevich construction in sec-
tion 1.2.2 and can be extended associatively to all orders. Thus it satisfies the Jacobi
identity
[f, [g, h]λ]λ + [h, [f, g]λ]λ + [g, [h, f ]λ]λ = 0. (1.3.26)
Now, extend this to the exterior algebra and check for associativity by defining the super-
Jacobiator as
J(f, g, h) = [f, [g, dh]] + [dh, [f, g]] + [g, [dh, f ]] +O(λ3). (1.3.27)
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Expanding the right hand side and using (1.3.25) gives
J(f, g, h) = λ[f,∇gˆdh]− λ[g,∇hˆdh]− λ[{f, g}, dh] +O(λ3)
= λ2∇fˆ∇gˆdh− λ2∇gˆ∇fˆdh− λ2∇{f,g}dh+O(λ3)
= λ2R(fˆ , gˆ)(dh) +O(λ3)
truncating at O(λ2). Now what does this mean? If the product between the algebra and
exterior algebra were associative, we would expect J to vanish, conversely requiring a flat
Poisson connection. Hence associativity (or its failure) between one forms and functions
is given by the curvature of the Poisson connection. This is interesting since it links prop-
erties of the algebra to those of the geometry and lends them some physical intuition.
It demonstrates that a non-flat connection will generally result in a nonassociative dif-
ferential algebra. Although ∇fˆ here needn’t be the Levi-Civita connection and thus not
necessarily have anything to say about spacetime curvature, they could nonetheless be
related. It lends itself to the generic statement that a curved spacetime may give rise to
a nonassociative quantization at second order in deformation.
This is quite disconcerting since we would usually want to avoid having to work with
nonassociative algebras. But we must then contend with the very rigid conditions im-
posed by requiring a flat connection. Indeed, if the aim is to find some form of quantum
spacetime in which the semiclassical data is related to the Levi-Civita connection, this
restriction may even too stringent. A similar conclusion was reached in [33] using the
alternative notion of a contravariant connection.
However, the construction given here results in non-associativity only at O(λ2). Since
the scale of quantum gravity O(λ) is supposed to be around the Planck scale, and this
would be extremely difficult to detect, it seems reasonable to neglect contributions at this
order. So at least from a physical standpoint, we are justified to confine ourselves to the
semi-classical regime.
1.3.4 Semiquantization Functor
It is interesting to consider the implication of the previous section, which shows how
classical structures affects quantization. Or perhaps it should rather be thought of as
quantizability restricting classical structure. In this view, the constraints amount the ex-
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istence of certain physical ‘fields’ as displayed in (1.3.19) and (1.3.21). At the level of the
algebra, the quantum structure is controlled by a Poisson tensor, whereas the differential
algebra is controlled by a Poisson connection. The latter in particular, allows us to make
a direct connection to Physics. Even when the Poisson connection isn’t itself Levi-Civita,
if the two can be related the presence of curvature strongly implies a non-trivial form of
(1.3.21). So the choice exterior algebra puts constraints on the curvature.
An application is presented in [32], which gives a categorical construction for obtaining
contributions at (and only at) O(λ). This is referred to as semiquantization to distinguish
it from full quantization. On the other hand, we know that for the algebra the semiclassical
data is canonically given by the Poisson bracket which can be extended to all orders by
Kontsevich’s deformation procedure. One could perhaps imagine that knowing the theory
to first order, it would then be possible to extend this to higher orders by identifying
some appropriate quantization scheme, something in regards to which this theory remains
essentially agnostic.
What follows is a brief outline and summary of the main results in [32]. Using the language
of categories, as illustrated in appendix B, the aim is to construct a functor Q which has
the effect of mapping the classical data which consists of vector bundles and bundle maps
over some manifold M, to (semi)quantum data which is a first order deformation. The
data we consider is E , the monoidal category of bimodules with ⊗A and D, the monoidal
category of pairs (E,∇E) and morphisms consisting of bimodule maps intertwining the
connections.
Classical Data
On the classical side, we take the A = C∞(M) with ordinary multiplication and can
think of sections of a vector bundle as a C∞(M)-bimodule E. This is just a special case
of section 1.3.2 with a commutative product. We denote the corresponding categories by
Name Objects Morphisms
E0 Vector bundles Bundle maps
D˜0 Vector bundles and connection Bundle maps
D0 Vector bundles and connection Bundle maps intertwining the connections
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Taking two vector bundles with connections (E,∇E) and (V,∇V ), a bimodule (or in this
case a bundle) map T is a morphism between E and F so that
E V
M
piE
T
piV
(1.3.28)
To be a morphism in D0 it also intertwines the connections in that ∇V (T (e)) = (id ⊗
T )∇E(e). The Poisson connection can be written as
∇fˆα = ωµν∂µf∇να (1.3.29)
with ∇µ acting as a covariant derivative which can be expressed in terms of Christoffel
symbols
∇µ(ανdxν) = (αν,µ − αγΓγµν)dxν . (1.3.30)
Now, Poisson compatibility in (1.3.22) can be written
ωµν,γ + ω
µκΓνκγ + ω
κνΓµκγ = 0. (1.3.31)
Note the order of the lower indices. We also have (1.2.6) and ω is generally assumed to
satisfy this condition since it in principle allows for the theory to be extended to higher
orders at the level of the algebra. However, in general this isn’t necessary for the analysis
given here and ω could denote any bivector satisfying (1.3.31). We also add the further
requirement
∇(g) = 0 (1.3.32)
which ensures that the metric will be central in the algebra, in the sense demonstrated
toward the end of section 1.3.2. A connection satisfying both conditions will sometimes
be referred to as a quantizing connection.
Quantum Data
For the quantum algebra we take the product (1.3.19). Because of the possibility of
nonassociativity at O(λ2) and above, we work strictly at O(λ) i.e. we consider only
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A1 = A[[λ]]/λ2A[[λ]] with A as above. So, for e ∈ E we define the bimodule product as
f • e =fe+ λ
2
ωµν∂µf∇νe
e • f =ef − λ
2
ωµν∂µf∇νe
(1.3.33)
To simplify notation, we will generally take ∇µ ≡ (∇E)µ in cases where the meaning is
implicitly clear. This is by no means the only way of defining a product between A1
and E, but is perhaps the most natural one and can easily be verified to reproduce the
commutator (1.3.21). Now for the quantum data we have
Name Objects Morphisms
E˜1 Bimodules Left module maps
E1 Bimodules Bimodule maps
D1 Bimodules with connection Bimodule maps intertwining the connections
Note that bimodule map means the same as bimodule in general i.e. it can be multiplied
by elements of A1 on both sides.
Functor
As indicated above, the underlying vector spaces are undeformed, so the functor Q acts
as the identity on elements i.e. Q(e) = e affecting only the product Q(fe) = f • e.
We can view Q(E) simply as E with ordinary multiplication replaced by • and since
elements are undeformed, Q(e) = e ∈ Q(E). Next we are interested in the action of Q
on morphisms. Now, the previous discussion has hopefully demonstrated is the important
role the connection plays in the interaction between quantum and classical data. For this
reason we restrict ourselves to D˜0 for the latter and distinguish connections as a special
class of morphisms. However, there is not reason Q ought to respect this division, so in
the first instance we consider Q : D˜0 → E˜1 and take its action on bundle maps. So now
T : E → V becomes
Q(T ) : Q(E)→ Q(V ). (1.3.34)
This can be expanded as Q(T ) = T0 + λT1 where T0 = T . For left module maps require
Q(T )(f • e) = f • Q(T )(e). By expanding and taking the product according to (1.3.33),
we eventually find
T1 = ω
µν(∇V )µ ◦ ∇ν(T0) (1.3.35)
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where ∇ν(T0) = (∇V )ν ◦ T0 − T0 ◦ (∇E)ν . Thus we have
Q(T ) = T +
λ
2
ωµν(∇V )µ ◦ ∇ν(T ). (1.3.36)
Note however, that this is not functorial: That would require the map to respect compos-
ition which the above does not, but rather
Q(T ◦ S) = Q(T ) ◦Q(S) + λ
2
ωµν∇µ(T ) ◦ ∇ν(S) (1.3.37)
For some bundle map S. We can then restrict ourselves to bimodule maps i.e. consider
Q : D˜0 → E1. So in addition to the above, we further impose Q(T )(e • f) = Q(T )(e) • f
which turns into the requirement T1 = −ωµν(∇V )µ ◦ ∇ν(T0). Comparing this to (1.3.35)
see that T1 = 0. Furthermore, this results in the condition ∇V ◦ T0 = T0 ◦ ∇E i.e. the
bundle map must conserve (that is to say intertwine) the covariant derivative. So by re-
stricting to bimodules we automatically get Q : D0 → E1 and since Q(T ) = T along with
the above conditions, this is now also functorial.
This is extended to tensor products over A1. In the classical case we denote the tensor
product by ⊗0 ≡ ⊗A. Independently of this, we also have a tensor product of bimodules
⊗1 ≡ ⊗A1 satisfying (1.3.5), seemingly giving two different compositions i.e. we can take
the classical composition of vector bundles and apply Q so Q(E⊗0F ) or apply Q and then
compose the result Q(E)⊗1Q(F ). However, these are related by a natural transformation,
which in category theory is a map between functors. In our case, denoted by q it gives
E ⊗0 V Q(E ⊗0 V )
Q(E)⊗1 Q(V )
Q
Q⊗1Q
qE,F
As a result, Q is said to be monoidal i.e. it preserves the monoidal structure of the
category. Explicitly, the natural transformation is
qE,V (Q(e)⊗1 Q(v)) = Q(e⊗0 v) + λ
2
Q(ωµν(∇E)µe⊗0 (∇V )νv). (1.3.38)
Allowing us to identify ⊗0 and ⊗1. Its inverse is simply
q−1E,V (Q(e⊗0 v)) = Q(e)⊗1 Q(v)−
λ
2
ωµν(∇E)µe⊗1 (∇V )νv. (1.3.39)
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This is compatible with the territoriality property (1.3.5) and the requirement that it be
a bimodule map qE,F (f • e⊗1 v) = f • qE,F (e⊗1 v) and qE,F (e⊗1 v • f) = qE,F (e⊗1 v) • f .
Quantum Connection
Next we examine the connection, which means extending the functor to Q : D0 → D1
by defining Q(∇E) = ∇Q(E) : EA → Ω(A) ⊗1 EA so that Q(E,∇E) = (Q(E),∇Q(E)).
First consider the connection as a left module map satisfying the left Leibniz rule, require
∇Q(E)(f • e) = df ⊗1 +f • ∇Q(E)(e) with respect to the deformed tensor product. This
can be achieved by setting
∇Q(E) ≡ q−1Ω1,E∇E −
λ
2
ωµνdxγ ⊗1 [(∇E)γ , (∇E)ν ](∇E)µ. (1.3.40)
Now remember that that associated to any left connection is a braiding as explained in
section 1.3.2 is then calculated using (1.3.10)
σQ(E)(e⊗1 α) = α⊗1 e+ λωµν (∇να⊗1 (∇E)µe+ ανdxγ ⊗1 [(∇E)γ , (∇E)µ]e) . (1.3.41)
Thus giving a bimodule connection. Combine this with the previous section where we saw
that restricting Q to bimodule maps automatically meant going form D˜0 to D0 and Q
functorial. We can use (1.3.40) to see
∇E ◦ T = T ◦ ∇E =⇒ ∇Q(E) ◦Q(T ) = Q(T ) ◦ ∇Q(E). (1.3.42)
Thus, we have that Q : D˜0 → E˜1 is a mapping while Q : D0 → E1 and Q : D0 → D1 are
functorial. These are used as a basis thoughout the rest of this section and the paper to
which it pertains.
Before continuing however, we want to complete our treatment of connections. Since
classically, the covariant derivative extends to tensor products of bundles and we want
(1.3.11), we expect the quantization to respect this property i.e. the quantization of the
classical connection over tensor products is the same as the bimodule connection over ⊗1
Q(E)⊗1 Q(F ) Q(E ⊗0 F )
Ω1(A)⊗1 Q(E)⊗1 Q(F ) Ω1(A)⊗1 Q(E ⊗0 F )
qE,F
∇Q(E)⊗1Q(F ) ∇Q(E⊗0F )
id⊗q
(1.3.43)
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Though this isn’t the complete picture since ∇Q(E) is only a quantization of the quantizing
connection satisfying (1.3.31). So, in order to describe an arbitrary connection, we use
the fact that any two can be related through a bundle map S : E → Ω1(M) ⊗0 E as
∇S = ∇E + S which is quantized as a left module map. So applying Q gives
∇QS ≡ ∇Q(E) + q−1Ω1,EQ(S) (1.3.44)
and braiding
σQS(e⊗1 α) = σQ(E)(e⊗1 α) + λωµναµ∇ν(S)(e). (1.3.45)
What this allows for is in cases where ∇E isn’t the Levi-Civita connection, as will be
the case later, we can nonetheless apply the same procedure where S will turn out to
be the contorsion tensor. We note here an important observation, if classically we have
∇E(e) = 0 for all e ∈ E then e is central in the quantized bimodule by applying (1.3.33)
and (1.3.21). What’s more
∇E(e) = 0 =⇒ ∇Q(E)(e) = 0. (1.3.46)
This is simply an application of (1.3.40). Furthermore, if S(e) = 0 then
∇S(e) = 0 =⇒ ∇QS(e) = 0. (1.3.47)
We can see in this a precursor to the quantum metric compatibility.
Exterior Algebra
The semiquantization functor acts on the exterior algebra as Q(Ω1(M)) = Ω1(A) so we
want to extend this to Ωn(A) = Q(Ωn(M)). This achieved by means of the composition
Q(Ωn(M))⊗1 Q(Ωm(M)) q−→ Q(Ωn(M)⊗0 Ωm(M)) Q(∧)−→ Q(Ωn+m(M)). (1.3.48)
The quantity Q(∧) results from an application of the functor Q : D0 → E1 defined earlier.
Classically, the connection extends to forms of all degrees since it preserves the symmetry
when acting on tensor products. So for example, when wanting to act it on Ω2(M), we
can do this directly or equivalently, act it on the tensor product Ω1(M)⊗Ω1(M) and then
antisymmetrize the result. This amounts to ∇∧ = (id⊗∧)∇, thus making ∧ a morphism
in D0. Hence Q(∧) = ∧ so that we can define the functorial wedge product as ∧Q ≡ ∧◦ q.
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Explicitly this is
α ∧Q β = α ∧ β + λ
2
ωµν∇µα ∧∇νβ (1.3.49)
which as associative up to O(λ2). Now we also need the graded Leibniz rule for the exterior
derivative to hold. Since from the above d(α∧Qβ) 6= dα∧Qβ+(−1)|α|α∧Qdβ one possible
choice would be to deform d, however this is only one of three possible options. The other
two are either to consider some modified Leibniz rule or to add a further modification to
∧Q. All of these are equivalent and consistent since Q does not single out any particular
choice, so we choose the latter. At least part of the rational may be that it is the simplest
from a calculational standpoint. For this we define the two form
Hαβ ≡ 1
2
ωαγ(T βνµ;γ − 2Rβνµγ)dxµ ∧ dxν (1.3.50)
which measures the failure of the Leibniz rule at O(λ)
d(α∧Qβ)−dα∧Qβ−(−1)|α|α∧Qdβ = −λHµν∧ι∂µα∧∇νβ+λHµν∧∇µα∧ι∂νβ. (1.3.51)
Where ιγ : Ωn(M)→ Ωn−1(M) is the interior product. Now we can define
α ∧1 β = α ∧Q β + λ(−1)|α|+1Hµν ∧ ι∂µα ∧ ι∂νβ (1.3.52)
which allows us to keep the classical exterior derivative and Leibniz rule, provided Hµν =
Hνµ so d(α ∧1 β) = dα ∧1 β + (−1)|α|α ∧1 dβ.
Quantum Torsion
Next we turn to the Torsion as defined in (1.3.17). First, for the quantizing connection,
for a one form α it comes out as
T∇Q(E)(α) = ∧1∇Q(E)(α)− dα = T (α) +
λ
4
ωγκT δνµ;κ(ι∂δ∇γα)dxµ ∧ dxν . (1.3.53)
So if ∇E is torsion free, so is ∇Q(E). This is in contrast to the case of some arbitrary
connection ∇S in which case the quantum torsion comes out as
T∇QS (α) =T∇Q(α) + ∧1q−1S(α) +
λ
2
∧ ωij∇i ◦ ∇j(S)(α)
=T∇S (α) +
λ
4
ωγδ(αρ;γ(T
ρ
νµ;δ − 2Sρνµ;δ)− 2Sρνµ;δγ)dxµ ∧ dxν
+ λαpS
p
νµH
νµ.
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Now let us suppose that ∇S is torsion free i.e. T∇S = 0 and thus giving 0 = T∇(dxγ) +
∧S(dxγ). Then by taking S(dxγ) = Sγµνdxµ ⊗0 dxν we get
Sγµνdx
µ ∧ dxν = 1
2
T γµνdx
µ ∧ dxν . (1.3.54)
Then the above becomes
T∇QS (α) =
λ
4
ωµναρ[∇µ,∇ν ]T ρδγdxγ ∧ dxδ + λαpSpµνHµν . (1.3.55)
So while classically ∇S may be torsion free, the same needn’t be true in the quantum case
unlike ∇Q(E). We can fix this by modifying the connection
∇1 = ∇QS + λK (1.3.56)
where we have introduced the bundle map K : Ω(M) → Ω(M) ⊗0 Ω(M) given by
K(dxa) = Kamndx
m ⊗0 dxn. This is fixed so that
Kργδdx
γ ∧ dxδ = −1
4
ωµν [∇µ,∇ν ]Sρδγdxγ ∧ dxδ − SρµνHµν . (1.3.57)
Which cancels the additional in (1.3.55). Thus we have that T∇1 = 0 for any (classically)
torsion free connection ∇S .
Quantum Metric
This gives a good candidate for a quantum Levi-Civita connection, all we need now is
metric compatibility. So next we turn to the quantum metric itself, treated as an element
g1 ∈ Ω1(A) ⊗1 Ω1(A). Recall that it ought to have quantum symmetry i.e. ∧1(g1) = 0
and be central in the algebra if it is to have a well defined inverse. First, consider
gQ ≡ q−1Ω1,Ω1(g) = gµνdxµ ⊗1 dxν +
λ
2
ωγδ(gµκ,γ − Γkγµ)Γκδνdxµ ⊗1 dxν (1.3.58)
the functorial quantum metric. While this satisfies ∧Q(gQ) = 0, we still need an O(λ)
modification to compensate for the one in ∧1. It is relatively straightforward to see that
∧1(gQ) = λgijH ij , so we define
R ≡ gµνHµν , g1 ≡ gQ − λq−1Ω1,Ω1(R) (1.3.59)
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where R is called the Ricci two-form and is
R = 1
4
gαβω
αγ(∇γT βµν −Rβµνγ +Rβνµγ)dxν ∧ dxµ. (1.3.60)
This now gives the required ∧1(g1) = 0. Centrality of g1 up to O(λ2) follows trivially from
the fact that the Poisson connection is chosen to be metric compatible and O(λ) modific-
ations do not contribute to the commutators at this order, thus [f, g1] = λωµν∂µf∇νg is
guaranteed to be 0 an an application of (1.3.47).
Quantum Levi-Civita Connection
Now turning back to the connection, we already have star preservation and torsion free, so
now just need compatibility with the metric defined above. First consider the functorial
connection (1.3.40) given explicitly for E = Ω1(M) as
∇Q(dxι) = −
(
Γιµν +
λ
2
ωαβ(Γιµκ,αΓ
κ
βν − ΓικτΓκαµΓτ βν − ΓιβκRκνµα)
)
dxµ ⊗1 dxν
(1.3.61)
and also
σQ(dx
α ⊗1 dxβ) = dxβ ⊗1 dxα + λ
(
ωµνΓαµγΓ
β
νδ − ωµβRαγδµ
)
dxδ ⊗1 dxγ . (1.3.62)
Now, ∇Ω1⊗0Ω1(g) = 0 implies that ∇Q(Ω1⊗0Ω1)(g) = 0 due to (1.3.46). Then (1.3.43) gives
that ∇Q(Ω1⊗0Ω1)(gQ) = 0. This could also be calculated explicitly using (1.3.58), (1.3.61)
and (1.3.62) by
(∇Q ⊗ id)g + (σQ ⊗ id)(id⊗∇Q)(gQ) = 0. (1.3.63)
We take ∇̂ as the Levi-Civita connection to distinguish it form some general ∇S . The
quantization condition on the metric still requires ∇(g) = 0, but this needn’t be torsion
free allowing us to write ∇̂ = ∇ + S where the bimodule map S is now the contorsion
tensor. Then, using ∇(dxα) = −Γαµνdxµ ⊗0 dxν and S(dxα) = Sαµνdxµ ⊗0 dxν , we have
for the components
T γµν = Γ
γ
µν − Γγµν , Sγµν = 1
2
gγκ(Tκµν + Tµκν + Tνκµ) (1.3.64)
and letting hat denote the Levi-Civita connection
Γγµν = Γ̂
γ
µν + S
γ
µν . (1.3.65)
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However, in the quantum case, we look not only for ∇QS , but rather the full ∇1 as defined
by (1.3.56) so as to have zero quantum torsion. Then, taking ∇1(g1), it turns out that
the symmetric part vanishes and we are left with an antisymmetric metric compatibility
tensor
(id⊗ ∧)q2∇1(g1) = −λ∇̂R − λωγδSρδν(Rρµκγ − Sρκµ;γ))dxκ ⊗0 dxµ ∧ dxν . (1.3.66)
What is more, this cannot be eliminated by some choice of K in (1.3.56) and has to vanish
independently. So a fully metric compatible, torsion free connection exists if and only if
∇̂R+ ωγδSρδν(Rρµκγ − Sρκµ;γ))dxκ ⊗0 dxµ ∧ dxν = 0. (1.3.67)
This could be thought of as a sort of quantum Koszul formula and we refer to a connection
satisfying it as the quantum Levi-Civita connection.
1.3.5 Summary
In section 2 of 4, the formalism is further developed with regard to the inverse quantum
metric ( , )1. In particular, the quantum Laplace operator is derived to O(λ) which has
the form
1f = ( , )1∇1df = f + λ
2
ωαβ (Ricγα − Sγ ;α) (∇̂βdf)γ (1.3.68)
where Ricγα = gγνRβνβα is the Ricci tensor. Additionally, expressions for the quantum
Riemann tensor
Riem1 = (d⊗1 id− (∧1 ⊗1 id)(id⊗1 ∇1))∇1 (1.3.69)
and quantum Ricci tensor
Ricci1 = (( , )1 ⊗1 id⊗1 ⊗id)(id⊗1 i1 ⊗1 id)(id⊗1 Riem1)(g1) (1.3.70)
are derived. The results are applied to known quantum spacetimes: Bicrossproduct [36]
and 2D Bertotti-Robinson [23] and matched with known results.
Section 4 looks at the application of the above to the case of spherically symmetric metrics,
in particular it seeks to solve (1.3.31), (1.3.32) and (1.3.67) for a metric of the form
g = a2(r, t)dt⊗ dt+ b2(r, t)dr ⊗ dr + c2(r, t)(dθ ⊗ dθ + sin2(θ)dφ⊗ dφ) (1.3.71)
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along with the associated Levi-Civita connection and Poisson tensor
ω23 =
f(t, r)
sin θ
= −ω32, ω01 = g(t, r) = −ω10 (1.3.72)
It is found that the quantum algebra is uniquely given by
[zi, zj ] = λijkz
k, [zi, dzj ] = λzjimnz
mdzn (1.3.73)
where we used the angular coordinates zi, i = 1, 2, 3 which relate back to Cartesian
coordinates by zi = x
i
r and satisfy
∑
i z
i2 = 1. It is observed that this corresponds to
the algebra of a nonassociative fuzzy sphere as shown in [37] and which is examined in
the context of Poisson-Riemannian geometry in section 2.5. Furthermore, the algebra also
corresponds to that of the flat FLRW metric examined separately in section 3. We also
find that
[t, xµ] = [r, xµ] = 0, [xµ, dt] = [xµ, dr] = 0 (1.3.74)
so that t, r, dt, dr are central at order λ. This gives the quantum metric on the right hand
side of (1.3.59) as
g1 = gµνdx
µ ⊗1 dxν + λc
2
2(z3)2
3ij
(
z3dzi ⊗1 dzj − zidz3 ⊗1 dzj
)
(1.3.75)
and corresponding quantum Levi-Civita connection
∇1(dt) = −Γ̂0µνdxµ ⊗1 dxν − λ
2(z3)2
c∂tc
a2
3ij
(
z3dzi ⊗1 dzj − zidz3 ⊗1 dzj
)
∇1(dr) = −Γ̂1µνdxµ ⊗1 dxν + λ
2(z3)2
c∂rc
b2
3ij
(
z3dzi ⊗1 dzj − zidz3 ⊗1 dzj
)
(1.3.76)
∇1(dza) = −Γ̂iµνdxµ ⊗1 dxν + λ
2
(
ijkz
kzadzi ⊗1 dzj − 1
(z3)2
ai3dz
3 ⊗1 dzi
)
The result is then applied to various metrics: FLRW, Schwarzschild and Bertotti-Robinson
which simply correspond to different parameter choices in (1.3.71). As is pointed out in the
conclusion, it is unclear at present, how to draw physical conclusions from this analysis.
For example, while the zeroth order part of (1.3.75) looks like the classical metric, it is
over the quantum tensor product. For one, it fails to satisfy (1.3.5) and so expressions
like gµνdxµ ⊗1 dxν or dxµ ⊗1 gµνdxν aren’t equivalent, which indicates one ought to at
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least tread with caution when trying to work with the components as usual. The physical
relation between the quantum and classical tensor products is suggested as an area for
further research as it is unknown at present. This difficulty could be avoided by considering
scalar quantities, such as the Laplace operator. However, as shown in the paper, this turns
out to have a vanishing O(λ) contribution.
1.4 Outline
This completes the introduction. What follows are the three papers described. The layout
is such that each paper represents a chapter and they appear here in their published form.
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Abstract We show that general relativity coupled to a
quantum field theory generically leads to non-local effects
in the matter sector. These non-local effects can be described
by non-local higher dimensional operators which remark-
ably have an approximate shift symmetry. When applied
to inflationary models, our results imply that small non-
Gaussianities are a generic feature of models based on gen-
eral relativity coupled to matter fields. However, these effects
are too small to be observable in the cosmic microwave back-
ground.
1 Introduction
A century after the introduction of general relativity by Ein-
stein, finding a quantum mechanical description of general
relativity remains one of the holy grails of theoretical physics
and one of the few unresolved problems in modern physics.
At this stage of our understanding of nature, it is not clear
whether the quantization of general relativity is so difficult
because of technical issues, essentially having to deal with
a dimensionful coupling constant which is the Planck mass
or whether general relativity or quantum mechanics need to
be modified at very short distances. Given the current state
of the art, it is important to investigate general relativity and
quantum mechanics in the energy region where we expect
them to work, i.e., below the Planck mass MP = 1/√GN .
The concept of effective field theory provides a very pow-
erful framework to investigate the quantization of general
relativity in this energy regime, i.e. below the Planck mass.
Effective field theory methods are powerful tools to deal with
quantum gravity below the Planck mass [1–7].
An important question is to identify the energy scale
at which the effective theory might break down. A well-
a e-mail: x.calmet@sussex.ac.uk
b e-mail: d.croon@sussex.ac.uk
c e-mail: c.fritz@sussex.ac.uk
established criterion is that of perturbative unitarity. Treating
general relativity as an effective field theory, several groups
have investigated the gravitational scattering of fields study-
ing whether perturbative unitarity could be violated below the
Planck scale [7–13]. It was shown in [9] that in linearized
general relativity with a Minkowski background perturba-
tive unitarity is restored by resumming an infinite series of
matter loops on a graviton line in the large N limit, where
N = Ns + 3N f + 12NV (Ns , N f and NV are, respectively,
the number of real scalar fields, fermions and spin 1 fields in
the model), while keeping NGN small. This large N resum-
mation leads to a resummed graviton propagator given by
i Dαβ,μν(q2)= i(L
αμLβν+LανLβμ − Lαβ Lμν)
2q2
(
1 − NGNq2120π log
(
− q2
μ2
)) (1)
with Lμν(q) = ημν − qμqν/q2, N = Ns + 3N f + 12NV .
Note that in the standard model of particle physics N = 283.
It is thus a large number which justifies our calculation. This
resummation is valid for energies E < 1/
√
GN . In the case,
graviton loops are suppressed by factors of N compared to
matter loops and we do not need to worry about quantum
gravity corrections. A similar calculation has been done by
the authors of [8] who have pointed out that the denomina-
tor of this resummed propagator has a pair of complex poles
which lead to acausal effects (see also [14,15] for earlier work
in the same direction and where essentially the same con-
clusion was reached). These acausal effects should become
appreciable at energies near (GN N )−1/2. Thus, unitarity is
restored but at the price of non-causality. We shall see that
causality can be restored as well by replacing the log term
by an interpolating non-local function. However, this proce-
dure does not remove the poles which can be interpreted as
black hole precursors [16] and correspond to the energy scale
at which strong gravitational effects become important and
thus the energy scale at which the effective field theory treat-
ment of general relativity should break down. Note that this
scale depends on the number of fields in the theory. Studying
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quantum effects in general relativity in the large N limit is
not new and has been considered as well by e.g. Smolin [17]
and Tomboulis [14,15].
Thought experiments based on general relativity and
quantum mechanics [18–21] lead to the conclusion that dis-
tances smaller than the Planck length are not observable.
These results can be interpreted as a form of non-locality
around the Planck scale. The results obtained in [16] are
thus not very surprising. The position of the poles define the
energy scale at which the effective theory should break down
and the non-local effects correspond to the minimal length
expected around the mass scale of the first quantum black
holes which are extended objects of the size of the inverse of
the Planck mass.
The consequences of these non-local effects for the FLRW
metric have been investigated in [22]. The aim of the paper
is to derive an effective field theory for a scalar field, such
as the inflaton, coupled to general relativity. We will show
that this gives rise to some non-local effects in the interac-
tions of this scalar field. These results only assume linearized
general relativity and quantum field theory and are as such
non-speculative.
2 Effective theory and non-locality
The tree-level gravitational scattering of two scalars has been
considered already [23]. The invariant amplitude is given by
Atree =16πG
(
m4
(
1
s
+ 1
t
+ 1
u
)
+ 1
2s
(2m2 + t)(2m2 + u)
+ 1
2t
(2m2+s)(2m2 + u)+ 1
2u
(2m2+s)(2m2+t)
)
(2)
with s = −(p1 + q1)2 = (p2 + q2)2, t = −(p1 − p2)2 =
(q1 −q2)2 and u = −(p1 −q2)2 = (p2 −q1)2. Note that we
are using the signature (+,−,−,−). It is straightforward to
calculate the dressed amplitude using the resummed graviton
propagator (1). Let us rewrite
i Dαβ,μν(q2) = P
αβ,μν(q2)
1 + f (q2) , (3)
where Pαβ,μν(q2) is the usual graviton propagator and where
f (q2) is given by
f (q2) = − NGNq
2
120π
log
(
− q
2
μ2
)
. (4)
The dressed amplitude is then given by
Adressed = 16πG
(
m4
(
1
s(1 + f (s)) +
1
t (1 + f (t))
+ 1
u(1 + f (u))
)
+ 1
2s(1 + f (s)) (2m
2 + t)(2m2 + u)
+ 1
2t (1 + f (t)) (2m
2 + s)(2m2 + u)
+ 1
2u(1 + f (u)) (2m
2 + s)(2m2 + t) ). (5)
We emphasize that this calculation is done in linearized
general relativity with a Minkowski background treating gen-
eral relativity as an effective theory that is valid at energies
smaller than the Planck scale.
We can now Taylor expand this amplitude around the mas-
sive pole of the dressed propagator and obtain
Adressed = Atree + A(1) + · · · (6)
with
A(1) = 2
15
G2N N
(
m4
(
log
(
− stu
μ6
))
+ log
(
− s
μ2
)
(2m2 + t)(2m2 + u)
+ log
(
− t
μ2
)
(2m2 + s)(2m2 + u)
+ log
(
− u
μ2
)
(2m2 + s)(2m2 + t)
)
. (7)
It is easy to see that A(1) can be obtained from the follow-
ing non-local dimension 8 effective operator O8:
O8 = 2
15
G2N N (∂μφ(x)∂
μφ(x) − m2φ(x)2) log
(
− 
μ2
)
×(∂νφ(x)∂νφ(x) − m2φ(x)2), (8)
where  = gμν∂μ∂ν .
As mentioned before, the resummed graviton propagator
(1) has a pair of complex poles which lead to acausal effects.
We are expanding the effective action around these poles.
The situation is very similar to that observed in [22]. The
effective operator cannot be used to generate causal effects in
the equations of motion as the Feynman propagators involve
both advanced and retarded solutions. This is appropriate
for scattering amplitudes but not for the equations of motion.
There is a well-established procedure to ensure that the effec-
tive operator leads to causal effect at the level of the equa-
tions of motion as well. We follow the procedure outlined in
[22,24] to generate a causal action (see also [25–28] for ear-
lier works in that direction). This requires a reinterpretation
of the log-term which can be interpreted as an interpolat-
ing non-local function of the type L(x, y). We consider the
following action:
S =
∫
d4x
√−g
×
(
1
16πGN
R(x) − 1
2
∂μφ(x)∂
νφ(x) + m
2
2
φ2(x)
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+ 2
15
G2N N
(
(∂μφ(x)∂
μφ(x) − m2φ(x)2) log
(
− 
μ2
)
×
(
∂νφ(x)∂
νφ(x) − m2φ(x)2
) ))
, (9)
where the log term is interpreted as an interpolating function,
S =
∫
d4x
√−g
×
(
1
16πGN
R − 1
2
∂μφ(x)∂
νφ(x)+ m
2
2
φ2+
(
2
15
G2N N
)
×
((
∂μφ(x)∂
μφ(x) + m2φ(x)2)
∫
d4y
√−g(y)
×
〈
x
∣∣∣∣log
(
− 
μ2
)∣∣∣∣ y
〉
(∂νφ(y)∂
νφ(y) − m2φ(y)2
)))
.
(10)
Let us define the interpolating function by
L(x, y) =
〈
x
∣∣∣∣log
(
− 
μ2
)∣∣∣∣ y
〉
. (11)
The specific form for L(x, y) depends on the system to
which we want to apply this effective theory. It is straight-
forward to find a specific representation for a flat Minkowski
background. One can use the following approximation valid
for small 	: log(x) ≈ −1/	 + x	/	. One then finds [24]
−
〈
x
∣∣∣∣
1
	
∣∣∣∣ y
〉
+
〈
x
∣∣∣∣
(/μ2)	
	
∣∣∣∣ y
〉
= −1
	
δ(x − y)+ 1
	
2π2
μ2	
∫
d4kk2+2	 1|x−y| J1(k|x−y|)
∼ −1
	
δ(x − y) − 8π
2
μ2	
1
|x − y|4+2	 , (12)
where J1 is the Bessel function. We see that L(x, y) is a
function of x − y. For a purely time dependent problem in
curved space-time (i.e. in cosmology), L(x, y) takes the form
L(t, t ′)
= −2 lim
	→0
(
(t − t ′ − 	)
t − t ′ + δ(t − t
′)(log(μ	) + γ
)
,
(13)
which is the appropriate form for the in–in formalism [22].
Before applying these results to cosmology, let us empha-
size an important point. The amplitude in Eq. (7) is calcu-
lated in the approximation described above (i.e. large N while
keeping NGN small) in Minkowski space-time. We then pro-
ceed to identify the effective higher dimensional operator
which can reproduce Eq. (7). We derive that the operator
given in Eq. (8) when taking a Minkowski metric reproduces
the amplitude given in Eq. (7). This enables us to calculate
the coefficient of O8 by matching it with our perturbative
calculation. At this stage the coefficient of O8 is uniquely
determined and we can also use O8 in curved space-time and
hence for inflation calculations as well.
In this section, we have shown that the non-locality
induced in the resummed graviton propagator leads to non-
locality in the self-interactions of a scalar field coupled to
graviton. The same would be true of any spin state as well.
Non-locality is an intrinsic feature of a quantum mechanical
description of general relativity as emphasized in the intro-
duction. Note that remarkably, the higher dimensional scalar
field operator obtained by integrating out the poles (quantum
black holes) in the graviton propagator, are invariant under
approximative shift symmetry (φ → φ + c, where c is a
constant) in the limit of the mass of the scalar field going to
zero. The breaking of this shift symmetry is proportional to
the mass of the scalar field. If we apply this construction to an
inflation scenario as we shall do below, this implies that any
contribution to the flatness of the potential will be suppressed
by powers of ms/MP where ms is the inflaton mass, which
is of the order of 109 GeV. Quantum gravitational effects
arising from quantum black holes are thus small and cannot
affect the flatness of the potential. A potential for the scalar
field may lead to breaking of the shift symmetry; however,
one of our main points is that such a symmetry breaking will
not be generated by quantum effects in general relativity if
not introduced explicitly in the model. We shall now con-
sider non-local effects due to the dimension 8 operator intro-
duced in this section. We stress that this operator is an intrin-
sic feature of general relativity and scalar fields coupled to
gravity.
3 Bounds from cosmic microwave background
We can now study the implications of this non-local effect,
which is purely obtained by considering quantum field theory
coupled to general relativity. These effects will be imprinted
on the CMB as a deviation in the speed of sound. Focussing on
O8, we consider the x-dependent Lagrangian for an inflaton,
L(x) = X + m
2
2
φ2(x) + 8
15
G2N N
(
X (x) + m
2
2
φ2(x)
)
×
∫
d4y
√−g(y)L(x, y)
(
X (y) + m
2
2
φ2(y)
)
,
(14)
where we have introduced the standard notation X (x) =
−1/2∂μφ(x)∂μφ(x) and X (y) = −1/2∂μφ(y)∂μφ(y).
Remarkably, our calculation does not depend on the specific
form of L(x, y); we shall merely require that ∫ d4y√−g(y)
L(x, y)δ(x − y) = 1. The speed of sound can be calculated
using the standard procedure [29]; since L(x) is a polyno-
mial in X , keeping in mind that dX (y)/dX (x) = δ(y − x),
we find
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c2s =
L(x),X (x)
L(x),X (x) + 2X (x)L(x),X (x)X (x)
≈ 1 − 32
15
X (x)G2N N , (15)
which remarkably does not depend on the specific repre-
sentation chosen for L(x, y) to leading order in the √GN
expansion. Restricting ourselves to a spatially homogeneous
scalar field, we get
cs ≈ 1 − 8
15
φ˙2G2N N
≈ 1 − 2
15π
H2	GN N , (16)
where H is the Hubble parameter, 	 = 1/(16πGN )1/V 2
(∂V (φ)/∂φ)2 is the slow roll parameter (the slow roll condi-
tion is that 	  1) and where we have used the approximation
X ≈ XL ,X . Quantum effects in general relativity thus lead
to a speed of sound which is not exactly one but close to
it. This is a generic feature of general relativity coupled to
matter. Small non-Gaussianities are expected to appear in
models of inflation based on general relativity and quantum
field theory even in inflationary models with just one scalar
field. However, these effects are too small to be observable
since the speed of sound would typically be close to unity.
It is worth mentioning that because our action is nearly
local (the non-locality is only apparent at short distances
and in the interactions of the scalar field with itself), the
Lagrangian given in Eq. (14) can be quantized the usual way
(as done in [29]), as the kinetic term for the scalar field has
its usual local appearance.
Finally, we emphasize that, while O8 leads to the leading
contribution to deviations in the speed of sound, graviton
loop corrections to the scalar propagator may be present;
they will be imprinted differently in the cosmic microwave
background [30].
4 Conclusion
In this paper we have shown that general relativity coupled
to scalar fields naturally leads to non-local effects. This non-
locality can be associated with the existence of black hole
precursors or quantum black holes [16]. We have shown that
the amount of non-locality is determined by the number of
matter fields in the theory, since it determines the location
of the poles in the resummed graviton propagator. General
relativity induces non-local effects in the scalar field sec-
tor. These effects can be described in terms of an effective
higher non-local dimensional operator which remarkably has
an approximate shift symmetry. When applied to inflationary
models, we have shown that these non-local effects lead to
a small non-Gaussianities in models of inflation involving a
scalar field and general relativity.
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We study inﬂation on a non-commutative space–time within the framework of enveloping algebra 
approach which allows for a consistent formulation of general relativity and of the standard model of 
particle physics. We show that within this framework, the effects of the non-commutativity of spacetime 
are very subtle. The dominant effect comes from contributions to the process of structure formation. 
We describe the bound relevant to this class of non-commutative theories and derive the tightest bound 
to date of the value of the non-commutative scale within this framework. Assuming that inﬂation took 
place, we get a model independent bound on the scale of space–time non-commutativity of the order of 
19 TeV.
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1. Introduction
The idea of space–time non-commutativity dates back to the 
early days of quantum ﬁeld theory when it was hoped that it may 
help to make sense of UV divergences which are intrinsic to this 
framework [1,2]. With the advent of renormalization and the proof 
that physically relevant Yang–Mills theories were renormalizable, 
non-commutative gauge theories lost much of their appeal. How-
ever, there was a renewal of interest for such theories when they 
reappeared as a certain limit in string theory [3,4]. In [4], it was 
shown that the end points of open strings ending on a Dp-brane 
with a Neveu–Schwarz two form ﬂux B background do not com-
mute. String theory has an additional symmetry transformation 
known as T-duality, which relates geometric structures in different 
topologies. It naturally gives rise to non-commutative geometry. In-
dependently of string theory, quantum gravity is likely to involve 
the notion of a minimal length, see e.g. [5,6], which could imply a 
non-commutativity of space–time at short distances. This may help 
to alleviate the problem of the non-renormalizability of perturba-
tive quantum gravity.
There are different approaches to non-commutative geometry, 
which can be divided in roughly two classes. The ﬁrst approach is 
due to Alain Connes. It is based on the notion of the spectral triple 
and has its origin in mathematical physics. The second approach 
indeed goes back to Moyal and Groenewold [1,2] and emphasizes 
* Corresponding author.
E-mail addresses: x.calmet@sussex.ac.uk (X. Calmet), c.fritz@sussex.ac.uk
(C. Fritz).
that space–time itself might be non-commutativity at short dis-
tance. The non-commutativity of space–time leads to issues with 
space–time and gauge symmetries. There are two distinct ways to 
deal with these issues. One is to take gauge ﬁelds to be as usual 
Lie algebra valued and to restrict the gauge symmetries which can 
be considered (see e.g. [4]). The other one is to take gauge ﬁelds 
in the enveloping algebra which enables one to consider any gauge 
group with any representation for the matter ﬁelds [7–11]. In this 
article, we will consider the latter approach and derive the tightest 
bound to date on the non-commutative scale within this approach.
We shall focus here on the simplest model of space–time non-
commutativity which has been extensively studied and will con-
sider non-commuting coordinates with a canonical structure
[xˆμ, xˆν ] = iθμν, (1)
where θμν is a constant tensor of mass dimension −2.
Our aim is to investigate effects of space–time non-commuta-
tivity in the early universe. We thus have to select a framework 
which enables us to formulate both ﬁeld theories and general rela-
tivity on a non-commutative space–time. While there are different 
approaches to space–time non-commutativity, there is only one 
which leads to the well-known standard model of particle physics 
and general relativity in the low energy regime. We shall thus use 
the enveloping algebra approach [7–11] which enables one to for-
mulate any gauge theory including arbitrary representations for 
the gauge and matter ﬁelds on a non-commutative space–time. 
This approach has led to a consistent formulation of the stan-
dard model of particle physics on such a space–time [12]. Treating 
General Relativity as a gauge theory, one can also formulate Gen-
eral Relativity on a non-commutative space–time [13–15]. It turns 
http://dx.doi.org/10.1016/j.physletb.2015.06.033
0370-2693/© 2015 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license (http://creativecommons.org/licenses/by/4.0/). Funded by 
SCOAP3.
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out that one needs to limit general coordinate transformations to 
those which are volume preserving diffeomorphisms. This leads 
to unimodular gravity which is known to be, at least classically, 
equivalent to general relativity. Following the enveloping algebra 
approach has several beneﬁts. First of all, it makes use of real sym-
metries which imply a conserved charged via Noether’s theorem. 
Such theories have an exact space–time symmetry [16,17] which 
corresponds to Lorentz invariance in the limit of θμν → 0. The im-
plication of this symmetry is that all the bounds on space–time 
non-commutativity are weak [18], typically of the order of a TeV 
[19,20].
Using this framework, we will consider inﬂation and the cosmic 
microwave background on a non-commutative space–time. There 
are many attempts to study inﬂation in the context of a non-
commutative space–time [21–29],1 but as far as we know this 
is the ﬁrst study of early universe physics using the enveloping 
algebra approach which allows to study in details the effects of 
the non-commutativity of space–time on the metric. As an exam-
ple we will consider chaotic inﬂation [30] on a non-commutative 
space–time and show that the effects of non-commutativity van-
ish both for the scalar ﬁeld and for the metric. This is a rather 
surprising and interesting result since one might have expected 
that a preferred direction in space–time could lead to large effects 
in the slow role parameters since inﬂation could have exponen-
tially increased the original asymmetry in space–time. We then 
consider the effects of space–time non-commutativity on the CMB 
which are this time non-vanishing. This is not surprising as non-
commutative gauge theories are a special case of non-local theories 
which are known to affect the CMB. We derive the tightest bound 
to date on the scale of space–time non-commutativity within this 
framework.
2. Theoretical framework
We consider here the algebra Aˆ of non-commutative space–
time coordinates {xˆμ} satisfying the canonical relation
[xˆμ, xˆν ] = iθμν, (2)
where θ ∈ 2(TM) is a constant tensor and can be locally ex-
pressed as θ = θμν∂μ ⊗ ∂ν with θμν = −θνμ . As usual, we want to 
represent functions in Aˆ as elements in the space of linear com-
plex functions F . To do so we introduce the Moyal star product
( f1 · f2)(xˆ)
= ( f1  f2)(x)
=
∞∑
n=0
(
i
2
)n 1
n!θ
μ1ν1 · · · θμnνn∂μ1 · · · ∂μn f1∂ν1 · · · ∂νn f2. (3)
Before continuing on to the main discussion, it will be useful to 
note some useful properties of the star product. Firstly, under com-
plex conjugation one has
( f1  f2)
∗ = f ∗2  f ∗1 . (4)
Secondly, the trace property under integration implies that∫
d4x( f1  f2)(x) =
∫
d4x( f1 · f2)(x) (5)
and more generally, one also has the cyclicity property
1 These previous studies have mainly focussed on a non-commutative inﬂaton 
without considering non-commutative effects in the gravity sector. They have ob-
tained bounds of the order of 10 TeV.
∫
d4x( f1  · · ·  fn)(x)
=
∫
d4x( f1  · · ·  fm−1) · ( fm  · · ·  fn)(x)
=
∫
d4x( fm  · · ·  fn) · ( f1  · · ·  fm−1)(x). (6)
It is important to note, given that θ is constant, that this theory 
violates general diffeomorphism invariance. However, as shown in 
[13] we may recover a reduced group of diffeomorphisms compat-
ible with (2) parametrized by
xˆ′μ = xˆμ + ξˆμ. (7)
A subset of these transformations given by
ξˆμ = θμν∂ν fˆ (xˆ) (8)
leaves [xˆμ, ˆxν ] = iθμν invariant. We shall thus only consider such 
transformations. Note that the Jacobian of these transformations
is equal to one. The transformations which preserve the non-
commutative algebra correspond to the reduced group of diffeo-
morphisms which are volume preserving. In other words, on a 
non-commutative space–time, we are forced to consider unimod-
ular gravity. This is the main difference between our work and 
precious attempts at formulating inﬂation on a non-commutative 
space–time [22,25,26,31]. The approach to general relativity on a 
non-commutative space–time formulated in [13] relies on gaug-
ing a local SO(3, 1) (the tetrad approach). The local SO(3, 1) gauge 
symmetry is implemented using the enveloping algebra approach. 
This means that the gauge ﬁelds are assumed to be in the en-
veloping algebra instead of the usual Lie algebra. The local gauge 
invariance is enforced using the Seiberg–Witten maps order by or-
der in θ [13]. We now have all the tools needed to formulate a 
consistent scalar ﬁeld action in a curved space–time on a non-
commutative space–time.
3. Non-commutative scalar action
We consider inﬂation driven a single scalar ﬁeld with a poten-
tial V (φn) and denote for convenience φ ≡ φ(x). In the commuta-
tive case, the action may be written
S =
∫
d4xe
(
1
2
∂μφ∂
μφ − 1
2
m2φ2 −
∑
n
cn
φn
	(n−4)
)
, (9)
where e is the tetrad determinant, 	 is an energy scale and cn
are dimensionless Wilson coeﬃcients of order unity. The choice of 
this frame follows from the derivation of non-commutative general 
relativity from the Seiberg–Witten map, as in [13,14], for which 
gravity is treated as a gauge theory. Another reason is that when 
mapping quantities on to a non-commutative space, it is very dif-
ﬁcult to do so for a square root (which may not even exist in Aθ ) 
and e is used as an effective way to represent
√
g. Setting the 
tetrad determinant to one, the action for the non-commutative 
scalar ﬁeld may be written
S =
∫
d4x
(
1
2
Gμν  ∂μφ  ∂νφ
− 1
2
m2φ  φ −
∑
n
cn
φn
	(n−4)
)
. (10)
One might be tempted to take ∂μφ  ∂μφ and use (5) to 
eliminate the star product, as is done with, e.g., the mass term. 
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However, this is not possible here because of the space–time de-
pendent metric. Let us add a quick comment on our conven-
tions here: when deﬁning a derivative operator in Aθ , one nat-
urally has a map ∂μ : Aθ → Aθ whose (left) action is deﬁned 
to be ∂μ  f ≡ ∂μ f with f ∈ Aθ . However, the same deﬁnition 
does not hold for ∂μ , which, in general, is a power series in 
θ and a higher order differential operator. It may be obtained 
from the relation ∂μ = Gμν  ∂ν . For the non-commutative met-
ric, the condition Gμν |θ=0 = gμν applies. Furthermore, we are free 
to choose a frame where Gμν = gμν but we must keep in mind 
that Gμν Gμα 
= δμα . We thus require a ‘star inverse’ to be deﬁned 
such that Gμν  Gμα = δμα , see for example [32]. It will, however, 
not be necessary for the analysis presented here. Indeed making 
this choice for the metric leads to a signiﬁcant simpliﬁcation. It is 
unnecessary to ﬁnd an expansion of Gμν in terms of θ .
We now expand out the star products in the action, mapping 
the non-commutative theory to a commutative space–time. Note 
that, as we have just explained, the Seiberg–Witten map for the 
metric is trivial. For the kinetic term we ﬁnd
gμν  ∂μφ  ∂νφ
= gμν∂μφ∂νφ − 1
8
gμνθαβθγ δ∂α∂γ ∂μφ∂β∂δ∂νφ +O(θ4) (11)
and for the potential we get
φn = φn − 1
8
θμνθαβ
n−2∑
m=1
φn−m−1∂ν∂βφm∂μ∂αφ +O(θ3), (12)
where (6) has been used. We see non-commutative corrections ap-
pear only at second order in θ meaning that any effects are going 
to be strongly suppressed. It is worth noting the appearance of cor-
rections in the kinetic term. This feature is absent in [25,26,31]. In 
a ﬂat space–time, one may use the cyclicity of the star product to 
cancel corrections to quadratic terms such as these. However, since 
we are dealing with a curved space–time, we cannot do this here.
We now have all the tools to consider inﬂation on a non-
commutative space–time using the enveloping algebra approach. 
Here is the set of assumptions we are making. Firstly, the inﬂaton 
ﬁeld is taken to be homogenous i.e. φ ≡ φ(t). Secondly, we as-
sume that the same is true of the metric for a spatially ﬂat, FLRW 
like cosmology: We know that there are second order in θ correc-
tions to Einstein’s equations as shown in [13], but these corrections 
vanish for a metric which is purely time-dependent. Feeding these 
assumptions into the above equations, one quickly sees that, owing 
to the antisymmetry of θμν , all but the zeroth order terms vanish. 
We thus see that the inﬂation does not feel the non-commutativity 
of space–time. In particular the slow roll parameters are given by 
their usual commutative expression
 = M
2
P
2
(
1
V0
∂V0
∂φ
)2
η = M
2
P
V0
∣∣∣∣∂2V0∂φ2
∣∣∣∣ . (13)
This result is somewhat surprising; intuitively, one would expect 
that the presence of a preferred direction in space–time would 
result in anisotropic contributions to the metric at some order 
in θ . However, the nature of the corrections is such that they van-
ish to all orders conserving the initial isotropy. It is interesting to 
consider this against cosmological paradigms, such as the ﬂatness 
problem, which are generally ampliﬁed throughout time. As usual, 
space–time non-commutative effects are very elusive [18]!
4. CMB corrections
While, within our framework, there are no effects of space–time 
non-commutativity on the slow role parameters, we now show 
that there are interesting observable effects on the CMB. A ho-
mogenous ﬁeld may not have any corrections, but the same is not 
necessarily true of perturbations to that ﬁeld.
φ(t,x) = φ(t) + δφ(t,x). (14)
While the overall evolution of the universe may be unaffected, 
space–time non-commutativity could have some inﬂuence on 
structure formation. We thus need to consider non-commutative 
corrections to inﬂaton perturbations. It is well known that gen-
eral relativity and unimodular gravity, at least in the classical 
regime, are equivalent [33]. It is generally possible to ﬁnd a sub-
set of spacetime where we can write Einstein’s equations such 
that det(gμν) = 1. This implies that the predictions for inﬂation 
in unimodular gravity are the same as in the full general relativ-
ity framework on a classical space–time. This has been explicitly 
shown in [34]. As emphasized already, our approach to general 
relativity formulated on a non-commutative space–time forces us 
to consider unimodular gravity. However, the work in [34] im-
plies that the details of the analysis of small perturbations do
not depend on whether the underlying theory of gravity is gen-
eral relativity or unimodular gravity. The analysis performed in 
[27–29] where statistical anisotropies of the CMB were studied 
without paying attention to non-commutative corrections to gen-
eral relativity thus applies to the enveloping algebra. However, 
our framework enables us to justify the assumption that non-
commutative corrections to metric can be neglected. Indeed, using 
the results presented in [13,14], it is straightforward to see that 
for a purely time-dependent metric such as the FLRW metric, the 
non-commutative corrections to the classical metric vanish to all 
orders in θ .
The calculation of the n-point correlators takes place at the 
level of the equations of motion. This calculation will be unaltered 
for a unimodular metric and will thus apply to the enveloping al-
gebra approach considered here. We can thus follow the technique 
developed in [27–29]. We ﬁrst consider the contributions from 
non-commutativity to the power spectrum of the CMB which are 
obtained from calculating the two-point correlation function for 
scalar perturbations. For a co-moving (commutative) scalar ﬁeld 
ζ˜ (η, k), where the tilde indicates that this is a Fourier mode of 
ζ(η, x), the power spectrum in terms of the two-point function is
〈0|ζ˜ †(η,k)ζ˜ (η,k′)|0〉 = (2π)3Pθ=0(η,k)δ3(k− k′). (15)
We have deﬁned the conformal time
dη = 1
a(t)
dt, (16)
where a(t) is the cosmological scale factor. At the time horizon 
crossing η0, this is given by
P0(η,k) = 16π
9E
H2
2k3
∣∣∣∣
a(η0)H=k
. (17)
It was found in [29], that this is modiﬁed by non-commutativity 
and that a revised expression for the power spectrum can be de-
rived.
Pθ (η,k) = P0(η,k) cosh(Hθ0aka), (18)
where H is the Hubble parameter. Expanding to leading order 
gives
Pθ (η,k) = P0(η,k) + H
2
2! P0(η,k)θ
0aθ0bkbka. (19)
Again, we note the absence of ﬁrst order contributions in the non-
commutative parameter. Also interesting to note is that a more 
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general treatment of rotational invariance violation in [35] gives 
a similar result. We now see that non-commutativity indeed has 
an effect that may be measured by CMB experiments.
By doing so, bounds on the scale of space–time non-commu-
tativity have been derived in [29] using WMAP, ACBAR and CBI 
and in [28] using PLANCK data. In [28] the authors found a bound 
of 19 TeV on the scale of spacetime non-commutativity. Since the 
same derivation goes through in our formalism as well, this leads 
to the tightest bound to date on the energy scale of spacetime 
non-commutativity within the framework of the enveloping alge-
bra approach.
5. Conclusion
We have considered corrections induced by non-commutativity 
on a scalar inﬂaton ﬁeld. Speciﬁcally, we consider the enveloping 
algebra approach to space–time non-commutativity with a con-
stant non-commutative parameter. In this approach the reduced 
group of diffeomorphisms, chosen so as to leave (2) invariant, 
leads to unimodular gravity. By replacing conventional multipli-
cation by the Moyal star product and expanding in terms of the 
non-commutative parameter θ as well as using the Seiberg–Witten 
maps for the local SO(3, 1) gravitational theory, it was shown that 
no corrections enter the inﬂationary action. This leads us to the 
somewhat surprising realization that even in the presence of a 
preferred direction in space–time, it does not affect the overall 
evolution of the universe. Instead, one must examine primordial 
perturbations to the inﬂaton ﬁeld which do experience the non-
commutativity and look for their imprints in the CMB. Owing to 
the classical equivalence of general relativity and unimodular grav-
ity, the analysis necessary for doing so is the same in both cases. 
We can derive the bound 
√
θ to ∼ 19 TeV within our approach to 
space–time non-commutativity. This is the tightest limit to date on 
the scale of space–time non-commutativity within the enveloping 
algebra approach to space–time non-commutativity.
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Abstract
Working within the recent formalism of Poisson–Riemannian geometry, 
we completely solve the case of generic spherically symmetric metric and 
spherically symmetric Poisson-bracket to find a unique answer for the 
quantum differential calculus, quantum metric and quantum Levi-Civita 
connection at semiclassical order O(λ). Here λ is the deformation parameter, 
plausibly the Planck scale. We find that r, t, dr, dt are all forced to be central, 
i.e. undeformed at order λ, while for each value of r, t we are forced to have a 
fuzzy sphere of radius r with a unique differential calculus which is necessarily 
nonassociative at order λ2. We give the spherically symmetric quantisation of 
the FLRW cosmology in detail and also recover a previous analysis for the 
Schwarzschild black hole, now showing that the quantum Ricci tensor for 
the latter vanishes at order λ. The quantum Laplace–Beltrami operator for 
spherically symmetric models turns out to be undeformed at order λ while 
more generally in Poisson–Riemannian geometry we show that it deforms to
f + λ
2
ωαβ(Ricγα − Sγ ;α)(∇̂βdf )γ + O(λ2)
in terms of the classical Levi-Civita connection ∇̂, the contorsion tensor S, 
the Poisson-bivector ω and the Ricci curvature of the Poisson-connection 
that controls the quantum differential structure. The Majid–Ruegg spacetime 
[x, t] = λx with its standard calculus and unique quantum metric provides an 
example with nontrivial correction to the Laplacian at order λ.
Keywords: noncommutative geometry, quantum gravity, Poisson geometry, 
semiclassical limit, quantum cosmology
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21. Introduction
In recent years it has come to be fairly widely accepted that quantum gravity effects could 
render spacetime better modelled as a ‘quantum’ geometry than a classical one, with coor-
dinates xµ now generating a noncommutative coordinate algebra. We refer to [12, 14, 21, 
24, 26] for some early works, as well as [34] from the 1940s although this did not propose a 
closed coordinate algebra as such. A further ingredient to such a quantum spacetime hypoth-
esis was to include differential forms dxµ such as in [1, 31, 33], while in recent years one also 
has quantum metrics and quantum bimodule connections within a systematic framework of 
‘noncommutative Riemannian geometry’ [9, 16, 28, 29]. The latter links to spectral triples 
or ‘Dirac operators’ in the general approach to noncommutative geometry of Connes [13] as 
well as to quantum group frame bundles in 2  +  1 quantum gravity [27]. It may also relate to 
other ideas for ‘quantum geometry’ from spin foams and loop quantum cosmology, see for 
example [4, 5, 18].
In the present paper we continue recent work [10] which explores the content of such 
noncommutative Riemannian geometry at the Poisson level of first order in a deforma-
tion or ‘quantisation’ parameter λ. This is obviously useful to understand issues at order λ 
before attempting the full theory, but it also turns out to be surprisingly rich with compat-
ibility conditions between the Poisson bivector ωµν that controls the quantum spacetime rela-
tions [xµ, xν ] = λωµν + O(λ2) and the classical Riemannian metric gµν that we also want to 
quantise. This emergence of a well-defined order λ ‘Poisson–Riemannian geometry’ in [10] 
implies a specific paradigm of physics governing first order corrections and coming out of the 
quantum spacetime hypothesis in much the same way as classical mechanics emerges from 
quantum mechanics at first order in . In our case λ is plausibly the Planck scale so, although 
this is a Poisson-level theory, it includes quantum gravity effects and could be called ‘semi-
quantum gravity’ [10] or ‘classical-quantum gravity’.
The key further ingredient in this theory is a type of connection ∇ which controls com-
mutators such as
[xµ, dxν ] = −λωµρΓνρσdxσ + O(λ2)
where Γ are the Christoffel symbols of ∇. It is only the combination ωµρΓνρσ which we actu-
ally need here and which can be seen as the structure constants of a Lie-Rinehart or ‘contra-
variant’ connection known to be relevant to quantising vector bundles [6, 11, 17, 20, 22]. One 
can also think of these as covariant derivatives partially defined just along hamiltonian vector 
fields. In our case we follow [10] and suppose a full ordinary covariant derivative ∇ of which 
only the hamiltonian vector field directions are relevant to the commutation relations. This 
is physically reasonable given that covariant derivatives already arise extensively in General 
Relativity but does mean that our covariant derivatives have extra directions that do not play 
an immediate role for the quantisation (but which could couple to physical fields later on). The 
field equations for this connection ∇ are [10]:
 (1) Poisson compatibility ∇γωαβ + Tαδγωδβ + Tβδγωαδ = 0 where T is the torsion of ∇;
 (2) Metric compatibility ∇γgµν = 0;
 (3) A condition on the curvature and torsion of ∇ (see (2.14) in section 2).
It was shown in [10] that (1) allows for the entire classical exterior algebra to quantise 
uniquely at lowest order, now with a quantum wedge product ∧1; (2) allows for the metric 
similarly to quantise to a quantum metric g1 and (3) for the classical Levi-Civita connec-
tion ∇̂ to quantise to a quantum Levi-Civita ∇1. In fact the formulae for ∇1 in [10] give a 
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3unique ‘closest to quantum Levi-Civita’ connection at order λ even when (3) does not hold 
but in that case ∇1g1 has an order λ correction. Our first main goal of the present work is to 
describe these results more explicitly using tensor calculus methods as in classical General 
Relativity (starting with lemma 2.2) and also to extend them to cover the quantum Laplacian 
and quant um Ricci tensor in theorem 2.3 and section 2.2. This takes considerable work and 
occupies our ‘formalism’ section 2.
We believe that these Poisson–Riemannian field equations  deserve further study as 
an extension of classical General Relativity. In this respect our second main goal is a full 
analysis of their content in the spherically symmetric case. This includes the example of the 
Schwarzschild black hole already covered in [10] but now taken further and also, which is 
new, the FLRW or big-bang cosmological model. In our class of quantisations we assume 
that both the metric and the Poisson tensor are spherically symmetric and find generically 
that t must be central. The radius variable r and the differentials dt, dr  are then also central 
as an outcome of our analysis. This means that the only quantisation that can take place is on 
the spheres at each fixed r,t and we find that these are necessarily the ‘nonassociative fuzzy 
sphere’ quantisation of S2 and calculus at order λ obtained in [7] as a cochain twist and later 
in [10] within Poisson–Riemannian geometry. This result is both positive and negative. It 
is positive because our analysis says that this simple form of quantisation is unique under 
our assumptions at order λ, it is negative because it is hard to extract physical predictions in 
this model and we show in particular that more obvious sources such as corrections to the 
quant um scaler curvature and quantum Laplace–Beltrami operator vanish at order λ, in line 
with cochain twist as a kind of ‘gauge transformation’. We do still have changes to the form of 
the quantum metric (and quantum Ricci tensor) and more subtle effects such as nonassociativ-
ity of the differential calculus at order λ2.
To explain this latter point in more detail, one can see [6, 10] that the Jacobi identity in 
the form 0 = [xµ, [dxν , xρ]]+cyclic at order λ2 amounts to vanishing of the curvature of ∇ 
after contraction with ω. Thus, usual associative noncommutative geometry [13] where the 
quant um differential forms define a differential graded algebra corresponds essentially to ∇ 
a flat connection (this being precisely true in the symplectic case). In general, the existence 
of a flat connection respecting a Lie symmetry can have a topological obstruction (it is gov-
erned by the relevant Atiyah class) and this goes some way towards understanding why some 
noncommutative algebras [9, 28] admit few covariant noncommutative geometries. At the 
semiclassical level we can see this as fixing ω and finding only very restricted solutions for 
∇, g in the presence of symmetry. Our new result in theorem 4.1 is a similar rigidity where 
we fix g and find no flat ∇ and ω with rotational symmetry. We are not limited to flat ∇ in 
Poisson–Riemannian geometry as the nonassociativity shows up at order λ2 not order λ and 
indeed from a General Relativity point of view if assuming a flat connection is too restrictive 
then it is reasonable to accept that we need a curved one. It is also worth remembering that 
noncommutative geometry was only meant to be an effective description and λ is so small that 
λ2 is not relevant in practice away from singular situations that blow up its effective value. 
Therefore we have no real evidence that the world is in fact ‘flat’ in this respect. It is therefore 
one of the notable outcomes of our analysis that spherical symmetry generically requires such 
nonassociativity of differentials at order λ2.
It is worth noting that a primary reason for wanting associative algebras is a practical one 
that these are much easier and more familiar to work with. In modern thinking, however, there 
is a class of quasiassociative algebras, shown in the 1990s to include the octonions, where 
the breakdown of associativity is nevertheless strictly controlled by a certain 3-cocycle ‘asso-
ciator’. In formal terms the algebra is associative in a monoidal category, where a coherence 
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4theorem of Mac Lane [23] says that one can work as if the algebra is strictly associative; one 
can put in brackets as needed for compositions to make sense (this involves inserting the 
3-cocycle) and different ways to do this give the same final result. Such categories are familiar 
in topological quantum field theory and in quantum group theory, where they are induced by 
a ‘Drinfeld cochain twist’ [15] of an underlying symmetry. The quantum group Cq[SU2], for 
example, has no bicovariant differential calculus quantising the classical one but does have 
a nonassociative one where the exterior algebra is a super co-quasi-quantum group [6]. Our 
nonassociative fuzzy spheres have similarly been conjectured in [7] to extend to all orders in 
λ as quasiassociative cochain twists for a certain action of the Lorentz group. This is recalled 
in section 2.5. In general there is a considerable amount of current interest in nonassociative 
twists in various contexts [3, 8, 30] including in relation to contravariant connections [2].
Finally on this topic, although not exactly the same as far as we know, there is a similarity 
here with quantum anomalies in physics where symmetries do not survive quantisation due to 
curvature obstructions. In that context it is sometime possible to cancel anomalies by intro-
ducing extra dimensions and in quantum group examples one can often do something similar 
(thus Cq[SU2] does have a bicovariant associative differential calculus [35], but it is 4-dimen-
sional). It is not known if we can do the same for the nonassociative fuzzy sphere to make 
it associative or by implication for spherically symmetric mildly nonassociative spacetimes 
in our analysis, but if so it may link up with the associative noncommutative Schwarzschild 
black hole with a 5-dimensional differential calculus in [25]. This is outside our current scope 
since it leaves our Poisson–Riemannian deformation theory setting, but could provide an alter-
native extra dimensions ‘consequence’ of our analysis.
Other possible effects include the form of the quantum metric g1 and its inverse (,)1. Here a 
natural way to write its coefficients is as g1 = dxµ • g˜µν ⊗1 dxν where • is the quantum prod-
uct, which is arranged so that g˜µν is inverse to the equally natural matrix g˜µν = (dxµ, dxν)1. 
Then we find in the general analysis that
g˜µν = gµν +
λ
2
hµν
at order λ where hµν is a certain antisymmetric tensor (or 2-form) built from the classical data 
in (2.12). The physical interpretation of this is not clear but if we suppose that the g˜µν are the 
observed ‘effective metric’ then we see that this acquires an anti-symmetric or spin 1 comp-
onent, making contact with other scenarios where non-symmetric metrics have been studied. 
On the other hand, hµν is not tensorial i.e. transforms in a more complicated way if we change 
coordinates, albeit in such a way that when proper account is taken of the quant um tensor 
product ⊗1, our constructions themselves are coordinate invariant. We look at this closely on 
one of the models in section 4.3. The same applies for the quantum Ricci tensor. Theorem 2.3 
also shows that the quantum Laplacian 1 = (,)1∇1d gets generically an order λ correction 
given by the Ricci curvature of ∇ and the covariant derivative of the contorsion tensor of ∇. 
In both cases Poisson–Riemannian geometry leads in principle to calculable effects due to 
our standing assumption that quantum fields are identified with classical ones just with modi-
fied operations. The precise physical significance of these effects, however, is a much more 
involved question due to the necessity of working on a curved background, but frequency 
dependence of the speed of light and of gravitational redshift could both be expected features 
based on limited ad-hoc experience from other models [1, 25]. The difference is that Poisson–
Riemannian geometry now offers the possibility of a systematic geometric treatment of such 
phenomena as an important direction for further work.
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explore some of the theory and issues above. Here the 2-dimensional Majid–Ruegg spacetime 
[x, t] = λx is explored at the Poisson level in section 2.3 and has the merit that its full noncom-
mutative geometry is known already by algebraic means [9] (our results are reconciled with 
that work in the appendix). The classical metric
g = dx2 + bv2; v = xdt − tdx
describes either a strong gravitational source with a Ricci singularity at x  =  0 or an expanding 
universe, depending on the sign of the parameter b. We find now that there are order λ correc-
tions in the quantum wave equation, with plane waves at first order now provided by Kummer 
M and U functions. One of the surprising outcomes of the paper is that such cases are relatively 
rare and for example in section 2.4 we find no order λ correction to the quantum Laplacian for 
the Bertotti–Robinson metric quantisation of [28] on the same coordinate algebra (this has the 
same ω but a different ∇, g). The other model that we look at in particular detail, in section 3, 
is the rotationally invariant quantisation of the classical spatially-flat FLRW metric
g = −dt2 + a2(t)
∑
i
(dxi)2.
We find that everything works in the sense that, as for the black hole, there do exist ω,∇ 
solving our field equations. Here ∇ pulls back to a unique contravariant connection, so there 
is a unique noncommutative geometry at order λ. We further find that hµν = 0 when com-
puted in this section so that the quantum metric, and also the quantum Levi-Civita connection, 
look remarkably undeformed at order λ. This model is a warm up to the general analysis but 
because it is done in Cartesian and not the polar coordinates used in section 4, it provides a 
good illustration of the subtle issues concerning changes of coordinates as reconciled in sec-
tion 4.3. The paper ends with some further discussion in section 5.
2. Formalism
Throughout this paper by ‘quantum’ we mean extended to noncommutative geometry to order 
λ. There is a physical assumption that quantities will extend further to all orders according 
to axioms yet to be determined but we do not consider the details of that yet (the idea is to 
proceed order by order strictly as necessary). This is for convenience and one could more pre-
cisely say ‘semiquantum’ as in [10]. We use • for the deformed product and ; for the covariant 
derivative with respect to the Poisson compatible ‘quantising’ connection ∇. This usually has 
torsion and should not be confused with the Levi-Civita connection.
2.1. Poisson–Riemannian geometry and the quantum Laplacian
We start with a short recap of results we need from [10] but in a more explicit tensorial form, 
along with some new general results in the same spirit. We let M be a smooth manifold with 
exterior algebra Ω, equipped with a metric tensor g and torsion free metric compatible Levi-
Civita connection ∇̂ on Ω1, with Christoffel symbols Γ̂. We let ∇ : Ω1 → Ω1 ⊗ Ω1 be another 
connection on Ω1 with similarly defined ‘Christoffel symbols’ Γ, so that
∇̂βdxα = −Γ̂αβγdxγ , ∇βdxα = −Γαβγdxγ
respectively for the two connections. The tensor product here is over C∞(M) and we 
view the covariant derivative abstractly as a map or in practice with its first output 
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6against ∂/∂xβ to define ∇β. Its action on the component tensor of a 1-form η = ηαdxα is 
∇βηα = (∇βη)α = ∂βηα − ηγΓγβα, which fixes its extension to other tensors. The torsion 
and curvature tensors of ∇ are
Tαβγ = Γαβγ − Γαγβ , Rαβγδ = Γαδβ,γ − Γαγβ,δ + ΓκδβΓαγκ − ΓκγβΓαδκ.
in the conventions of [10]. In the presence of a metric we have a contorsion tensor S defined by
Γαβγ = Γ̂
α
βγ + Sαβγ
where metric compatibility ∇g = 0 is equivalent to the first of
Sαβγ =
1
2
gαδ(Tδβγ + Tβδγ + Tγδβ), Tαβγ = Sαβγ − Sαγβ
and also implies that the lowered Rαβγδ is antisymmetric in the first pair of indices (as well 
as the second). Also note that the lowered index contorsion here obeys Sαβγ = −Sγβα. In 
this setup, torsion becomes the relevant field which determines metric compatible ∇ via S. 
This set up is slightly more than we strictly needed for the noncommutative geometry itself as 
explained in the introduction.
We let ωαβ define the Poisson bracket { f , h} = ωαβ(∂αf )∂βh. This is a bivector field and 
it is shown in [10] that ∇ in our full sense is Poisson compatible if and only if
∇γωαβ + Tαδγωδβ + Tβδγωαδ = 0 (2.1)
or equivalently in the Riemannian case that
∇̂γωαβ + Sαδγωδβ + Sβδγωαδ = 0. (2.2)
We also want ω to be a Poisson tensor even though this is not strictly needed at order λ,∑
cyclic(α,β,γ)
ωαµωβγ ,µ = 0 (2.3)
which given Poisson-compatibility is equivalent [10] to∑
cyclic(α,β,γ)
ωαµωβνTγµν = 0. (2.4)
Given the Poisson tensor and (2.1) respectively we quantize the product of functions with 
each other and with 1-forms,
f • h = fh+ λ
2
{ f , h}, f • η = fη + λ
2
ωabf,a∇bη, η • f = ηf − λ2ω
abf,a∇bη
to order λ, so that
[xα, η] = λωαβ∇βη (2.5)
to order λ in the quantum algebra. It is shown in [10] that we also can quantize the wedge 
product of 1-forms and higher,
dxα ∧1 dxβ = dxα ∧ dxβ + λ2ω
γδ∇γdxα ∧∇δdxβ + λHαβ (2.6)
to order λ. This gives anticommutation relations
{dxα, dxβ}1 = λωγδΓαγµΓβδνdxµ ∧ dxν + 2λHαβ . (2.7)
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7Here the extra ‘non-functorial’ term needed is given by a family of 2-forms
Hαβ =
1
4
ωαγ(∇γTβνµ − 2Rβνµγ)dxµ ∧ dxν .
The exterior derivative d is taken as undeformed on the underlying vector spaces. Note that 
because the products by functions is modified, the quantum tensor product ⊗1, i.e. over the 
quantum algebra is not the usual tensor product. It is characterised by
η ⊗1 f • ζ = η • f ⊗1 ζ
for all functions f and any η, ζ . If we denote by A the vector space C∞(M) with this modified 
product, which can always be taken to be associative, and if Ω1 with • is separately a left and 
right action of A (even if they do not associate) then ⊗1 is just the usual tensor product ⊗A 
over A. Note that Ω1 ⊗1 Ω1 ⊗1 Ω1 in the case of nonassociative differentials will still have 
ambiguities at order λ2. The quantum and classical tensor products are in fact identified by a 
natural transformation q to order λ, as explained in [10]. The fact that everything works and is 
consistent at order λ is a nontrivial part of that work, where we work associatively modulo λ2.
Next, although not strictly necessary, it is useful to optionally require that the ∇Q is geo-
metrically well behaved in noncommutative geometry in that its associated quantum torsion 
commutes with the quantum product by functions (a ‘bimodule map’). This is a quantum 
tensoriality property in the same spirit as requiring centrality of the quantum metric. We say 
that such a ∇ is regular, amounting to
ωαβ∇βTγµν = 0. (2.8)
With or without this simplifying assumption, there is a quantum metric g1 ∈ Ω1 ⊗1 Ω1 to 
order λ given by [10]
g1 = gµνdxµ ⊗1 dxν + λ2ω
αβΓµακΓ
κ
βνdxµ ⊗1 dxν + λ2Rµνdx
µ ⊗1 dxν
 
(2.9)
and obeying ∧1(g1) = 0 as well as a ‘reality’ property flip(∗ ⊗ ∗)g1 = g1. Note the quantum 
Ω1 as a vector space is identified with the classical Ω1 and the above formula specifies an ele-
ment of Ω1 ⊗1 Ω1 by giving the classical 1-forms for each factor in each term. This should 
not be confused with g˜µν which we will introduce later as coefficients with respect to the • 
product. In our case xµ∗ = xµ since our classical manifold has real coordinates and also acts 
trivially on all classical (real) tensor components, while λ∗ = −λ. The action of ∗ on a •-prod-
uct reverse orders while on a ∧1-product it reverse order with sign according to the degrees. 
For the most part this ∗-operation takes care of itself given that our classical tensors are real, 
so we will not emphasise it. The first two terms in (2.9) are the functorial part gQ and the last 
term is a correction. Here
Rµν = 12gαβω
αγ(∇γTβµν − Rβµνγ + Rβνµγ) (2.10)
is antisymmetric and can be viewed as the generalised Ricci 2-form
R = 1
2
Rµνdxν ∧ dxµ = gµνHµν
(note the sign and factor in our conventions for 2-form components). Next we let 
(,)1 : Ω1 ⊗1 Ω1 → A be the inverse metric as a bimodule map. We define A-valued coeffi-
cients g1µν , g˜µν by
C Fritz and S Majid Class. Quantum Grav. 34 (2017) 135013
8g1 = g1µνdxµ ⊗1 dxν = dxµ • g˜µν ⊗1 dxν = dxµ ⊗1 g˜µν • dxν
so that
g˜µν = g1µν +
λ
2
ωαβΓγαµgγν,β = gµν +
λ
2
hµν (2.11)
to order λ, where we also write hµν for the leading order correction in g˜µν. Here g1µν is read 
off from (2.9) as the quantum metric coefficients when we choose to use the undeformed 
product and g˜µν are the coefficients when we choose to reorder and use the deformed product 
as stated (we can also place the g˜µν with the second factor since ⊗1 behaves well with respect 
to the • product as we explained above). The two sets of coefficients are related by (2.11) but 
in different calculations one or the other may be easier to work depending on the context (the 
same remark will apply to all our other quantum tensors). From (2.9) and (2.11) we find
hµν = Rµν + ωαβ(ΓµακΓκβν + Γγαµgγν,β) = −hνµ (2.12)
where we use metric compatibility of ∇ in the form gγν,β = Γγβν + Γνβγ  to replace the sec-
ond term to more easily verify antisymmetry. We let g˜µν be the A-valued matrix inverse so that 
g˜µν • g˜νγ = δγµ = g˜γν • g˜νµ and define
(dxµ, dxν)1 = g˜µν = gµν − λ2 h˜
µν (2.13)
which we extend by ( f • dxµ, dxν • f˜ )1 = f • (dxµ, dxν)1 • f˜  for any functions f , f˜ . This gives 
us a bimodule map (,)1 : Ω1 ⊗1 Ω1 → A inverse to g1 in the usual sense of noncommutative 
geometry [9], namely
((,)1 ⊗ id)(η ⊗1 g1) = η = (id⊗ (, )1)(g1 ⊗1 η)
for all η ∈ Ω1, except that we only claim these facts to order λ. From the above,
h˜µν = gµαgνβhαβ + gµα{gαβ , gβν} = Rµν + ωαβ(ΓµακΓκβγgνγ + Γµαγgνγ ,β)
= Rµν − ωαβgηζΓµαηΓνβζ = −h˜νµ
and R has indices raised by g. As an application, in bimodule noncommutative geometry there 
is a quantum dimension [9] which we can now compute.
Proposition 2.1. In the setting above, the ‘quantum dimension’ to order λ is
dim1 := (,)1(g1) = dim(M) +
λ
2
{gµν , gµν}.
Proof. Given the above results, we have
dim1 = (dxµ • g˜µν , dxν)1 = g˜µν • g˜µν + ([dxµ, gµν ], dxν)
= dim(M) +
λ
2
(hµν − hνµ)gµν + λωαβgµν,αΓµβγgγν = dim(M)− λωαβgµν ,αΓνβµ
where the middle term vanishes as gµν is symmetric and we transferred to the derivative to 
the inverse metric. We can now use metric compatibility in the form Γµβν + Γνβµ = gµν,β to 
obtain the answer. □
Finally, the theory in [10] says that there is a quantum torsion free quantum metric compat-
ible (or quantum Levi-Civita) connection ∇1 : Ω1 → Ω1 ⊗1 Ω1 to order λ if and only if
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9∇̂R+ ωαβ gρσ Sσβν(Rρµγα +∇αSργµ) dxγ ⊗ dxµ ∧ dxν = 0. (2.14)
In fact the theory always gives a unique ‘best possible’ ∇1 at this order for which the sym-
metric part of ∇1g1 vanishes. This leaves open that ∇1g1 = O(λ), namely proportional to the 
left hand side of (2.14). The construction of ∇1 takes the form
∇1 = ∇Q + q−1Q(S) + λK
where the first two terms are functorial and the last term is a further correction. Translating the 
formulae in [10] into indices and combining, one has
Lemma 2.2. Writing ∇1dxι = −Γ1ιµνdxµ ⊗1 dxν , the construction of [10] can be written 
explicitly as
Γ1
ι
µν = Γ̂
ι
µν +
λ
2
ωαβ
(
Γ̂ιµκ,αΓ
κ
βν − Γ̂ικτΓκαµΓτ βν + Γ̂ιακ(Rκνµβ +∇βSκµν)
)
.
Proof. It is already stated in [10] that
∇Q(dxι) = −
(
Γιµν +
λ
2
ωαβ(Γιµκ,αΓ
κ
βν − ΓικτΓκαµΓτ βν − ΓιβκRκνµα)
)
dxµ ⊗1 dxν
Next, we carefully we write the term ωij∇i ◦ ∇j(S) in Q(S) in [10, lemma 3.2] as curvature 
plus an extra term involving ∇S and Γ, to give
q−1Q(S)(dxι) =
(
Sιµν +
λ
2
ωαβ(Sιµκ,αΓκβν − SικτΓκαµΓτ βν) + λ4Rω(S)
ι
µν
− λ
2
ωαβΓιακ∇βSκµν
)
dxµ ⊗1 dxν
where
Rω(S)ιµν = ωαβ (RικαβSκµν − RκµαβSικν − RκναβSιµκ)
is the curvature of ∇ evaluated on the Poisson bivector and acting on the contorsion tensor S. 
Finally, we take K given explicitly in [10, corollary 5.9],
K(dxι) =
(
1
2
ωαβ(Sιακ∇βSκµν − SιβκRκνµα)− 14Rω(S)
ι
µν
)
dxµ ⊗1 dxν
and combine all the terms to give the compact formula stated. □
As a bimodule connection there is also a generalised braiding σ1 : Ω1 ⊗1 Ω1 → Ω1 ⊗1 Ω1 
that expresses the right-handed Liebniz rule for a bimodule left connection, namely
σ1(dxα ⊗1 dxβ) = σQ(dxα ⊗1 dxβ) + λωβµ(∇µS)(dxα) (2.15)
which comes out as
σ1(dxα ⊗1 dxβ) = dxβ ⊗1 dxα + λ
(
ωµνΓαµγΓ
β
νδ − ωµβ(Rαγδµ + Sαδγ;µ)
)
dxδ ⊗1 dxγ
 (2.16)
The bimodule noncommutative geometry also has a natural definition of quantum Laplacian 
[9] and we can now compute this
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Theorem 2.3. In Poisson–Riemannian geometry the quantum Laplacian to order λ is
1f := (,)1∇1df = f + λ2ω
αβ(Ricγα − Sγ ;α)(∇̂βdf )γ
Proof. Here Ricγα = gγνRβνβα = −Rγνβαgνβ  and (∇̂αdf )γ = f,αγ − Γ̂ιαγ f,ι as usual. 
Let us also note that d is not deformed but can look different, namely write df = (∂˜αf ) • dxα 
so that
∂˜µ = ∂µ +
λ
2
ωαβΓνβµ∂α∂ν
and we similarly write ∇1dxι = −Γ˜1ιµν • dxµ ⊗1 dxν so that
Γ˜1
ι
µν = Γ1
ι
µν +
λ
2
ωαβΓ̂ινκ,αΓ
κ
βµ = Γ̂
ι
µν +
λ
2
γιµν ,
say, using symmetry of the last two indices of Γ̂. Then by the bimodule and derivation proper-
ties at the quantum level, we deduce
1f = (,)1(d∂˜ν f ⊗1 dxν + (∂˜αf ) • ∇1dxα) =
(
∂˜µ∂˜ν f − (∂˜αf ) • Γ˜1αµν
)
• g˜µν
We then expand this out to obtain the classical f  and five corrections times λ/2 as follows:
 (i) From the deformed product with g˜µν we obtain
{∂µ∂ν f − (∂αf )Γ̂αµν , gµν}
 (ii) From the deformation in g˜µν we obtain
−(∂µ∂ν f − (∂αf )Γ̂αµν)h˜µν = 0
  by the antisymmetry of h˜µν compared to symmetry of Γ̂αµν and of ∂µ∂ν f . So there is no 
contribution from this aspect at order λ.
 (iii) From the deformation in ∂˜µ∂˜ν f  we obtain
ωαβΓγβµgµν∂α∂γ∂ν f + gµν∂µ(ωαβΓγβν∂α∂γ f )
= 2ωαβΓγβµgµν∂α∂γ∂ν f + gµν(∂α∂γ f )∂µ(ωαβΓγβν)
 (iv) From the deformation in −∂˜αf • Γ̂αµν  we obtain
−ωαβΓγβκgµν Γ̂κµν∂α∂γ f − {∂αf , Γ̂αµν}gµν
 (v) From the deformation in Γ˜1 and our above formulae for that, we obtain
−γιµνgµν∂ιf = −(∂ιf )ωαβ
(
2Γ̂ιµκ,αΓκβνgµν + Γ̂ιβκRicκα + Γ̂ιακSκ;β
)
  where Sκ = Sκµνgµν is the ‘contorsion vector field’ and ; is with respect to ∇.
Now, comparing, we see that the cubic derivatives of f in (i) and (iii) cancel using metric 
compatibility to write a derivative of the metric in terms of Γ. Similarly the 1-derivative term 
from (i) is −∂ιf  times
C Fritz and S Majid Class. Quantum Grav. 34 (2017) 135013
11
{Γ̂ιµν , gµν} = ωαβΓ̂ιµκ,αgµν ,βgηνgκη = −ωαβΓ̂ιµκ,αgµν(Γηβν + Γνβη)gκη
= −2ωαβΓ̂ιµκ,αgµνΓκβν
where we inserted gην, turned ∂β onto this and used metric compatibility of ∇. In the last step 
we used that Γ̂ is torsion free so symmetric in the last two indices. The result exactly cancels 
with a term in (v) giving
1f = f +
λ
2
(∂ιf )ωαβΓ̂ιαγ (Ricγβ − Sγ ;β) + O(∂2) f
where we have not yet analysed corrections with quadratic derivatives of f. Turning to these, 
the remainder of (i) and (iv) contribute
− {∂γ f , Γ̂γ} − (∂α∂γ f )ωαβΓγβκΓ̂κ = −ωαβ(∂α∂γ f )Γ̂γ ;β
= ωαβ(∂α∂γ f )Sγ ;β − (∂α∂γ f )gµνωαβΓγµν;β
= ωαβ(∂α∂γ f )Sγ ;β − (∂α∂γ f )gµνωαβ (Γγµν,β + ΓγβκΓκµν − ΓγκνΓκβµ − ΓγµκΓκβν) .
Meanwhile in (iii), we use poisson-compatibility in the direct form [10]
ωαβ ,µ = ω
βηΓαηµ + ω
ηαΓβηµ
to obtain
(∂α∂γ f )gµν
(
ωαβΓγβν,µ + ω
βηΓαηµΓ
γ
βν − ωαβΓκβνΓγκµ
)
using gµν symmetric to massage the last term. The middle term vanishes as it is antisymmetric 
in α, γ and the remaining two terms together with the above terms from Γγµν;β  combine to 
give (∂α∂γ f )gµνωαβRγνµβ. This gives our 2-derivative corrections at order λ as
λ
2
(∂α∂γ f )ωαβ(Sγ ;β − Ricγβ).
We then combine our results to the expression stated. □
2.2. Quantum Riemann and Ricci curvatures
The quantum Riemann curvature in noncommutative geometry is defined by
Riem1 = (d⊗1 id− (∧1 ⊗1 id)(id⊗1 ∇1))∇1 (2.17)
and we start by obtaining an expression for it to semiclassical order in terms of tensors. It will 
be convenient to define components by
Riem1(dxα) := −12 R̂1
α
βµνdxµ ∧ dxν ⊗1 dxβ := −12 R˜1
α
βµν • (dxµ ∧ dxν)⊗1 dxβ
R˜1αβµν = R̂1αβµν +
λ
2
ωδγ
(
R̂αβην,δΓηγµ + R̂αβµη,δΓηγν
)
depending on how the coefficients enter. If we write Γ1 = Γ̂ + λ2 γ̂  then
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Riem1(dxα) = (d⊗1 id− (∧1 ⊗1 id)(id⊗1 ∇1))∇1(dxα)
= −(d⊗1 id− (∧1 ⊗1 id)(id⊗1 ∇1))Γ1αµβdxµ ⊗1 dxβ
= − (Γ1αµβ,νdxν ∧ dxµ ⊗1 dxβ + (Γ1αµγdxµ) ∧1 (Γ1γνβdxν)⊗1 dxβ)
= −
(
Γ̂ανβ,µdxµ ∧ dxν ⊗1 dxβ + (Γ̂αµγdxµ) ∧1 (Γ̂γνβdxν)⊗1 dxβ
)
+
λ
2
(
γ̂αµβ,ν + Γ̂
α
νγ γ̂
γ
µβ − γ̂αµγΓ̂γνβ
)
dxµ ∧ dxν ⊗1 dxβ
= −1
2
R̂αβµνdxµ ∧ dxν ⊗1 dxβ + λ2 γ̂
α
µβ ;ˆνdxµ ∧ dxν ⊗1 dxβ
− λ
2
ωηζ∇η
(
Γ̂αµγdxµ
)
∧∇ζ
(
Γ̂γνβdxν
)
⊗1 dxβ
− λΓ̂αµγΓ̂γνβHµν ⊗1 dxβ
 (2.18)
to O(λ2), where ˆ; is with respect to the Levi-Civita connection. The term γ̂αγβΓ̂γνµ does not 
contribute due to the antisymmetry of the wedge product. This implies for the components
R̂1αβµν = R̂αβµν + λ
(
1
2
(γ̂ανβ ;ˆµ − γ̂αµβ ;ˆν) + ωηζ(Γ̂αµγ,η − Γ̂ακγΓκηµ)(Γ̂γνβ,ζ − Γ̂γκβΓκζν)
+
ωηκ
2
Γ̂αηγΓ̂
γ
ζβ(Rζµνκ − Rζνµκ − Tζµν;κ)
)
where we inserted a previous formula for H in terms of the curvature and torsion of ∇. One 
can similarly read off γ̂  from the quantum Levi-Civita connection in lemma 2.2.
Next, following [9], we consider the classical map i : Ω2 → Ω1 ⊗ Ω1 that sends a 2-form 
to an antisymmetric 1-1 form in the obvious way.
Proposition 2.4. The map i quantises to a bimodule map such that ∧1i1 = id to orderλ by
i1(dxµ ∧ dxν) = 12 (dx
µ ⊗1 dxν − dxν ⊗1 dxµ) + λI(dxµ ∧ dxν)
for any tensor map I(dxµ ∧ dxν) = Iµναβdxα ⊗ dxβ where the tensor I is antisymmetric in 
µ, ν  and symmetric in α,β . The functorial choice here is
Iµναβ = −14ω
κτ (ΓµκαΓ
ν
τβ + Γ
µ
ταΓ
ν
κβ).
Proof. The functorial construction in [10] gives iQ : Ω2 → Ω1 ⊗1 Ω1 necessarily obeying 
∧QiQ = id. Here ∇(i) = 0 since the connection on Ω2 is descended from the connection on 
Ω1 ⊗ Ω1 so that iQ = q−1i on identifying the vector spaces. This gives the expression stated 
for the canonical I and this also works for ∧1 since this on 12 (dxµ ⊗1 dxν − dxν ⊗1 dxµ) differs 
from ∧Q by λ2 (Hµν − Hνµ) = 0. Finally, if we change the canonical I to any other tensor with 
the same symmetries then its wedge is not changed and we preserve all required properties. 
Note that canonical choice can also be written as
i1(dxµ ∧1 dxν) = 12 (dx
µ ⊗1 dxν − dxν ⊗1 dxµ)− λ2ω
αβΓµακΓ
ν
βτdxτ ⊗1 dxκ + λi(Hµν)
 (2.19)
when we allow for the relations of ∧1. □
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Now we can follow [9] and use i1 to lift the first output of Riem1 and take a trace of this to 
compute the quantum Ricci tensor. To take the trace it is convenient, but not necessary, to use 
the quantum metric and its inverse, so
Ricci1 = ((,)1 ⊗1 id⊗1 ⊗id)(id⊗1 i1 ⊗1 id)(id⊗1 Riem1)(g1) (2.20)
We now calculate Ricci1 from (2.20) taking first the ‘classical’ antisymmetric lift
i1(dxµ ∧ dxν) = 12 (dx
µ ⊗1 dxν − dxν ⊗1 dxµ)
corresponding to I  =  0. Then using the second form of the components of Riem1,
Ricci1 = ((,)1 ⊗1 id⊗1 ⊗id)(id⊗1 i1 ⊗1 id)(id⊗1 Riem1)(g1)
= −1
2
((,)1 ⊗1 id⊗1 ⊗id)(id⊗1 i1 ⊗1 id)(dxα • g˜αβ ⊗1 R˜1
β
γµν • (dxµ ∧ dxν)⊗1 dxγ)
= −1
2
((,)1 ⊗1 id⊗1 ⊗id)(dxα ⊗1 g˜αβ • R˜1
β
γµν • i1(dxµ ∧ dxν)⊗1 dxγ)
= −1
2
(dxα, g˜αβ • R˜1
β
γµν • dxµ)1 • dxν ⊗1 dxγ
= −1
2
g˜αµ • g˜αβ • R˜1
β
γµν • dxν ⊗1 dxγ − 12 (dx
α, [R̂αγµν , dxµ])dxν ⊗1 dxγ .
In the fourth line we used the fact that the Riemann tensor is already antisymmetric in μ and ν. 
Note that ˜gαµ • g˜αβ = (g˜µα + λh˜µα) • g˜αβ = δµβ + λh˜µβ to O(λ2) where we lower an index 
using the classical metric. Meanwhile, putting in general I adds a term
−λ
2
R̂αγµν((,)⊗ id⊗⊗id)(dxα ⊗1 I(dxµ ∧ dxν)⊗1 dxγ)
and we therefore obtain
Ricci1 =− 12 R˜1
µ
γµν • dxν ⊗1 dxγ − λ2
(
h˜µβR̂βγµν − ωηζgαβR̂αγµν,ηΓµζβ
)
dxν ⊗1 dxγ
− λ
2
R̂αγηζIηζανdxν ⊗1 dxγ
 (2.21)
The idea of [9] is then to use the freedom in I to arrange that
∧1(Ricci1) = 0, flip(∗ ⊗ ∗)Ricci1 = Ricci1
to order λ so that Ricci1 enjoys the same quantum symmetry and ‘reality’ properties (to order λ) 
as g1. (A further ‘reality’ condition on the map i1 in [9] just amounts in our case to the entries 
of the tensor I being real.) If we write components
Ricci1 := −12 R˜1µν • dx
ν ⊗1 dxµ = −12dx
ν • R˜1νµ ⊗1 dxµ
then (2.21) is equivalent to
R˜1µν = R˜1
α
µαν + λ
(
h˜αβR̂βµαν − ωηζgαβR̂αµκν,ηΓκζβ + R̂αµηζIηζαν
)
 
(2.22)
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and
R˜1νµ = R˜1µν − λωαβR̂µδ,αΓδβν
respectively, where R̂µν  is the classical Ricci tensor. This second version is useful for the 
quantum reality condition, which says that if we write R˜1µν = R̂µν + λρµν then the quantum 
correction ρµν  is required to be antisymmetric. Remember that this will have contributions 
from R˜1 as well as the terms directly visible in (2.22).
We then define the quantum Ricci scaler as
S1 = (,)1Ricci1 = −12 R˜1µν • g˜
νµ (2.23)
which does not depend on the lifting tensor I due to the antisymmetry of the first two indices 
of R̂. There does not appear to be a completely canonical choice of Ricci in noncommutative 
geometry as it depends on the choice of lifting for which we have not done a general analysis, 
but this constructive approach allows us to begin to explore it. The reader should note that the 
natural conventions in our context reduce in the classical limit to − 12 of the usual Riemann and 
Ricci curvatures, which we have handled by putting this factor into the definition of the tensor 
components so that these all have limits that match standard conventions.
2.3. Laplacian in the bicrossproduct model
We apply the above formalism to the bicrossproduct model quantum spacetime [26]. Much of 
the quantum geometry (but not the Laplacian) was already solved to all orders by algebraic 
methods in [9] and the appendix carefully checks that our new tensor calculus formulae agree 
with that to order λ (this is not easy and provides a critical check).
The 2D version here has coordinates t, r with r invertible and Poisson bracket {r, t}  =  r or 
ω10 = r  in the coordinate basis. The work [9] used r rather than x as this is also the radial geom-
etry of a higher-dimensional model. The Poisson-compatible ‘quantising’ connection is given 
by Γ001 = −r−1,Γ010 = r−1 or in abstract terms ∇dr = 0 and ∇dt = r−1(dt ⊗ dr − dr ⊗ dt). 
Letting v = rdt − tdr, we have ∇dr = ∇v = 0 so a pair of central 1-forms v, dr at least at first 
order. This model has trivial curvature of ∇ (and is indeed associative) but in other respects is 
a good test of our formulae with nontrivial torsion and contorsion and curvature of the Levi-
Civita connection.
Next we take classical metric g = dr ⊗ dr + bv⊗ v where b is a nonzero real parameter. 
It clearly has inverse (dr, dr) = 1, (v, v)  =  b−1, (dr, v) = (v, dr) = 0 and is the unique form 
of classical metric for which ∇g = 0 for the above Poisson-compatible connection. This was 
shown in [9] where it was also shown that the classical Riemannian geometry is that of either 
a strongly gravitating particle or an expanding universe according to the sign of b. The Levi-
Civita connection for g is
∇̂v = −2v
r
⊗ dr, ∇̂dr = 2bv
r
⊗ v.
In tensor terms, now in the coordinate basis x0  =  t and x1  =  r, the metric tensor and Levi-
Civita connection are see [9, appendix]
gµν =
(
br2 −brt
−brt 1+ bt2
)
, gµν =
1+ bt
2
br2
t
r
t
r
1

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Γ̂0µν =
( −2bt r−1(1+ 2bt2)
r−1(1+ 2bt2) −2r−2t(1+ bt2)
)
, Γ̂1µν =
(−2br 2bt
2bt −2br−1t2
)
The contorsion tensor can be written [9]
Sκαβ = 2bαµxµβνgκν , Sµ = 2
xµ
r2
where 01 = 1 is antisymmetric. Then formula (2.10) gives R10 = br  or Rµν = −brµν and 
hence R = R10dt ∧ dr = bv ∧ dr as in [10, section 7.1]
We also write
df = f,rdr + f,tdt = (∂rf )dr + (∂vf )v; ∂vf =
1
r
f,t, ∂rf = f,r +
t
r
f,t
Then
f = (,)∇̂df = (,)((∂rf )∇̂dr + (∂vf )∇̂v+ d∂rf ⊗ dr + d∂vf ⊗ v)
=
2
r
(∂rf ) + ∂2r f + b
−1∂2v f
is the classical Laplacian for g. When b  <  0 the interpretation of the classical geometry is that 
of a strong gravitational source and curvature singularity at r  =  0. Being conformaly flat after 
a change of variables to r′ = 1/r, t′ = t/r the massless waves or zero eigenfunctions of the 
classical Laplacian are plane waves in t′, r′ space of the form eıωt
′
e±
ıωr′√−b or
ψ±ω (t, r) = e
ıωtr e±ı
ω
r
√−b
while the massive modes are harder to describe due to the conformal factor. One can similarly 
solve the expanding universe case where b  >  0 and the interpretation of the r,t variables is 
swapped. This completes the classical data.
Next, the quantum metric at semiclassical order from (2.9) is
g1 = gµνdxµ ⊗1 dxν + λ2R01(dt ⊗1 dr − dr ⊗1 dt) +
λ
2
ω10gµ0Γ010Γ001dxµ ⊗1 dr
= gµνdxµ ⊗1 dxν + λ2 btdr ⊗1 dr +
λ
2
brdr ⊗1 dt − λbrdt ⊗1 dr
Also, from the formula (2.12), we have
h01 = R01 + g00ω10Γ010Γ001 + ω10Γ010g01,0 = −3br
and similarly h10  =  3br, so that
g˜µν = gµν +
λ
2
(
0 −3br
3br 0
)
= gµν − λ3br2 µν .
For the correction in Γ11µν  for the quantum Levi-Civita connection in lemma 2.2 we have
λ
2
ωαβΓ̂1µ0,αΓ
0
βν − λ2ω
αβΓ̂100Γ
0
αµΓ
0
βν − λ2ω
01S10κ∇1Sκµν
= −λ
2
Γ̂1µ0,ν − λbµν − λ2 rΓ̂
1
0κ∇1Sκµν = 2λb
(
0 1
0 −r−1t
)
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and
∇1S0µν =
− 2btr 2(1+bt2)r2
2bt2
r2 −
2t(1+bt2)
r3
 , ∇1S1µν = (−2b 2btr2bt
r − 2bt
2
r2
)
where ∇1 in this context means with respect to r. Similarly, the correction to Γ10µν  in lemma 
2.2 is
λ
2
ωαβΓ̂0µ0,αΓ
0
βν − λ2ω
αβΓ̂000Γ
0
αµΓ
0
βν − λ2ω
01S00κ∇1Sκµν
= −λ
2
Γ̂0µ0,ν − λbr−1tµν − λ2 rΓ̂
0
0κ∇1Sκµν = λ
(
2b 0
− 2btr 12r2
)
giving
∇1dr = −Γ̂1µνdxµ ⊗1 dxν − 2λb(dt − r−1tdr)⊗1 dr
∇1dt = −Γ̂0µνdxµ ⊗1 dxν − λ2 r
−2dr ⊗1 dr − 2λb(dt − r−1tdr)⊗1 dt.
One can check that the condition (2.14) holds so that this is the quantum Levi-Civita connec-
tion at order λ.
The quantum Riemann tensor by direct computation (using Maple) from (2.18) comes 
out as
Riem1(dxα) = −12 R̂
α
βµνdxµ ∧ dxν ⊗1 dxβ + 5bλr dt ∧ dr ⊗1 dx
α (2.24)
For the quantum Ricci tensor we need a lift map i1 and we take
i1(dt ∧ dr) = 12 (dt ⊗1 dr − dr ⊗1 dt) +
7λ
4r
g
where dt ∧1 dr = dt ∧ dr  since ∇dr = 0 and only H00 is non-zero. The first term is the func-
torial term and the second term is λI(dt ∧ dr). Then (2.21) gives us Ricci1 = g1/r2 to order 
λ in agreement with the algebraic result in [9]. This means that the quantum Ricci scaler is 
undeformed.
Finally, the contracted contorsion tensor obeys
Sµ;0 = 0, Sµ;1 = −2x
µ
r3
while the curvature of ∇ vanishes. Hence the Laplacian in theorem 2.3 is
1f = f +
λ
2
ω10(−Sµ;1)(∇̂0df )µ = f + λr2 x
µ(∇̂0df )µ
which can be further expanded out using the values of Γ0µν . We see that there is an order λ 
correction. It is not so clear how to immediately read off physical predictions from this but 
one thing we can still do in the deformed case is make the conformal change of variables as 
classically and separate off ψ = eıωt
′
f , to give an equation for null modes(
∂2
∂r′2
+ λPω
(
2
r′
+
∂
∂r′
)
− ω
2
b
)
f = 0
where λ = ıλP. This is solved by
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f = r′e
− 12ωr′
(
λP+
ı
√
bλ2P+4√−b
)(
AM(1− ı
√−bλP√
bλ2P + 4
, 2, ı
√
bλ2P + 4
ωr′√−b )
+BU(1− ı
√−bλP√
bλ2P + 4
, 2, ı
√
bλ2P + 4
ωr′√−b )
)
for constants A and B. M(a, b, z) and U(a, b, z) denote the Kummer M and U functions 
(or hypergeometric 1F1, U respectively in Mathematica). In the limit λP → 0, this becomes
f =
ı
2
√−bA
ω
eı
ωr′√−b +
ı
2
√−b(B− A)
ω
e−ı
ωr′√−b
which means we recover our two independent solutions ψ±ω  as a check. Bearing in mind that 
our equations are only justified to order λ, we can equally well write
ψω(t, r) =
eı
ωt
r
r
e−ı
ω
r
√−b
(
1− ı
√−bλP
2
)
(
AM(1− ı
√−bλP
2
, 2, ı
2ω
r
√−b ) + BU(1−
ı
√−bλP
2
, 2, ı
2ω
r
√−b )
)
and proceed to analyse the behaviour for small λP  in terms of integral formulae. Thus
M(1− a, 2, z) = 1
Γ(1− a)Γ(1+ a)
∫ 1
0
ezu(
1− u
u
)adu =
∫ 1
0
ezu(1+ a ln(
1− u
u
))du+ O(a2)
which we evaluate for z = 2ıs and s real in terms of the function
τM(s) = ı
M(1,0,0)(1, 2, 2ıs)
M(1, 2, 2ıs)
=
∫ 1
0
e2ısu ln(
1− u
u
)du
ı
∫ 1
0
e2ısudu
shown in figure 1. This function in the principal region (containing s  =  0) is qualitatively 
identical to the trig function −2 tan(s/2) but blows up slightly more slowly as s→ ±pi. This 
gives us M(1− a, 2, 2ıs) = 12ıs (e2is − 1)(1+ aıτM(s)) + O(a2) and hence with a = ı
√−bλP
2  
and s = ωr√−b, we have up to normalisation
ψMω (t, r) = e
ıωtr sin(
ω
r
√−b )e
−ω2rλP
(
1+ rω
√−bτM( ωr√−b )
)
+ O(λ2P), |r| >
|ω|
pi
√−b
as one of our independent solutions. Notice that for λP = 0 our solution blows up and our 
approximations break down as r approaches a certain minimum distance as shown to the clas-
sical Ricci singularity at r  =  0, depending on the frequency. This is a geometric ‘horizon’ of 
some sort (with scale controlled by 
√−b) but frequency dependent, and very different effect 
from the usual Planck scale bound |r|  |ω|λP needed in any case for our general analysis. 
Meanwhile for large |r|, the effective λP  is suppressed as τ ′M(0) = −1.
For the other mode, the similar integral
U(1− a, 2, z) = 1
Γ(1− a)
∫ ∞
0
e−zu(
1+ u
u
)adu
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is not directly applicable as it is not valid on the imaginary axis but we can still proceed in a 
similar way for the other mode by defining
τU(s) = ı
U(1,0,0)(1, 2, 2ıs)
U(1, 2, 2ıs)
= T(s) + ıS(s)
where the real function T(s) resembles pi2 tanh(s) (but is vertical at the origin) and S(s) resem-
bles − ln(e−γ + 2|s|) as also shown in figure 1, where γ ≈ 0.577 is the Euler constant. Then 
U(1− a, 2, 2ıs) = 12ıs (1+ aıτU(s)) + O(a2) giving up to normalisation
ψUω (t, r) = e
ıωtr e−ı
ω
r
√−b e−
ω
2rλP
(
1+ rω
√−bτU( ωr√−b )
)
+ O(λ2P)
as a second solution. This still has our general Planck scale lower bound needed for the general 
analysis but no specific geometric bound at finite radius as τU does not blow up and moreover 
has only a mild log divergence as s→∞ or r → 0. There is no particular suppression of λP  
as s→ 0 or r →∞ and indeed τU tends to a constant nonzero imaginary value (the meaning 
of which is unclear as it can be absorbed in a normalisation).
Both of our solutions have been exhibited as deviations from the classical solutions and 
consequently they can reasonably be expected to lead to physical predictions, such as a change 
of the group velocity along the lines of [1] and of gravitational redshift along the lines of [25]. 
However, doing this in a convincing way in a GR setting requires rather more analysis and is 
beyond our scope here.
2.4. Laplacian in the 2D Bertotti–Robinson model
By way of contrast we note that the bicrossproduct spacetime algebra has an alternative differ-
ential structure for which the full quantum geometry was also already solved, in [28]. We 
have the same Poisson bracket as above but this time the zero curvature ‘quantising’ con-
nection ∇dr = 1r dr ⊗ dr, ∇dt = −αr dt or non-zero Christoffel sysmbols Γ111 = −r−1 and 
Γ010 = αr−1 and the de Sitter metric in the form
g = ar−2dr ⊗ dr + brα−1(dr ⊗ dt + dr ⊗ dr) + cr2αdt ⊗ dt
where only the nonzero combination δ¯ = cα2/(b2 − ac) of parameters is relevant up coor-
dinate transformations. One can easily compute the classical Levi-Civita connection in these 
coordinates as
Γ̂000 = − bcαr
α
b2 − ac , Γ̂
0
10 = − acαr(b2 − ac) , Γ̂
0
11 = −baαr
−α−2
b2 − ac
Figure 1. Functions τM  and τU related to differentials of Kummer M(1− a, 2, 2ıs) and 
U(1− a, 2, 2ıs) at a  =  0 and similar to tan, tanh and a shifted ln (shown dashed for 
reference).
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Γ̂100 =
c2αr1+2α
b2 − ac , Γ̂
1
10 =
bcαrα
b2 − ac , Γ̂
1
11 =
−b2(1− α) + ac
r(b2 − ac)
Combing this with the ‘quantising’ connection yields the contorsion tensor
S000 = −S101 = −S110 =
bcαrα
b2 − ac , S
0
10 = −S111 = S001 + αr =
b2α
b2 − ac
S011 =
baαr−α−2
b2 − ac , S
1
00 = −c
2αr1+2α
b2 − ac
From here we compute Sµ = αb2−ac (br
−α,−cr) for the t, r components giving ∇νSµ = 0 so 
that in conjunction with flatness of ∇, theorem 2.3 shows that there is no order λ correction 
to the Laplace operator.
We can also find the geometric quantum Laplacian to all orders directly from the full 
quantum geometry at least after a convenient but non-algebraic coordinate transformation in 
[28]. If we allow this then the model has generators R, T with the only non-zero commutation 
relations [T ,R] = λ′, [R, dR] = λ′
√
δ¯dR where λ′ = λ
√
b2 − ac and the quantum metric and 
quantum Levi-Civita connection [28]
g1 = dR • e2T
√
δ¯ ⊗1 dR− dT ⊗1 dT ,
∇1dT = −
√
δ¯e2T
√
δ¯ • dR⊗1 dR, ∇1dR = −
√
δ¯(dR⊗1 dT + dT ⊗1 dR),
which immediately gives us
(dR, dR)1 = e−2T
√
δ¯ , (dT , dT)1 = −1, 1T = (,)∇1dT = −
√
δ¯, 1R = 0.
Finally, for a general normal-ordered function f(T, R) with T ′s to the left, we have
df =
∂f
∂T
• dT + ∂1f • dR; ∂1f (R) = f (R)− f (R− λ
′√δ¯)
λ′
√
δ¯
due to the standard form of the commutation relations. With these ingredients and following 
exactly the same method as in the appendix, we have
1f = (, )1∇1(df ) = −
√
δ¯
∂f
∂T
− ∂
2f
∂T2
+ (∂1)2f • e−2T
√
δ¯ = f + O(λ2)
when we expand ∂1 = ∂∂R − λ
′√δ¯
2
∂2
∂R2 + O(λ
2) and write the bullet as classical plus Poisson 
bracket. This confirms what we found from theorem 2.3. We can also use identities from 
quant um mechanics applied to R, T in our case to further write
1f = −
√
δ¯
∂f
∂T
− ∂
2f
∂T2
+ e−2T
√
δ¯ •∆1f
where
∆1f (R) =
f (R+ 2λ′
√
δ¯)− 2f (R− λ′
√
δ¯) + f (R)
(λ′
√
δ¯)2
.
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We see that the quantum Laplacian working in the quantum algebra with normal-ordered 
quantum wave functions has the classical form except that the derivative in the R direction is 
a finite difference one. It is also clear that we have eigenfunctions ψ(T ,R) = eıωTeıkR. This is 
an identical situation to the standard Minkowski spacetime bicrossproduct model in [1] except 
that there time became a finite difference and there was no actual quantum geometry. Like 
there, one could claim that there is an order λ correction provided classical fields are identi-
fied with normal ordered ones, but from the point of view of Poisson–Riemannian geometry 
this is an artefact of such an assumption (the Poisson geometry being closer to Weyl ordering). 
We have focussed on the 2D case but the same conclusion holds for the Bertotti–Robinson 
quantum metric on Sn−1 × dS2 in [28] keeping the angular coordinates to the left along with 
T; then only the double R-derivative deforms namely to ∆1 on normal-ordered functions. [28] 
already obtained the quantum Ricci and scaler curvatures in the same form as classically (nor-
mal ordered in the former case).
2.5. Fuzzy nonassociative sphere revisited
The case of the sphere in Poisson–Riemannian geometry is covered in [10] mainly in very 
explicit cartesian coordinates where we broke the rotational symmetry. However, the results 
are fully rotationally invariant as is more evident if we work with zi, i  =  1, 2, 3 and the rela-
tion 
∑
i z
i2 = 1. We took ∇ = ∇̂ (the Levi-Civita connection) so S  =  0, and ω the inverse of 
the canonical volume 2-form on the unit sphere. Then the results of [10] give us a particular 
‘fuzzy sphere’ differential calculus
[zi, z j]• = λijkzk, [zi, dz j]• = λz jimnzmdzn.
to order λ. These are initially valid for i  =  1,2 but must hold in this form for i  =  1, 2, 3 by 
rotational symmetry of both the Poisson bracket and the Levi-Civita connection. One also 
finds from the algebra that zm • dzm = 0 (sum over m  =  1, 2, 3) at order λ on differentiating 
the radius 1 relation. Here Ω1 is a projective module with dzi as a redundant set of generators 
and a relation. We also have
{dzi, dz j}• = λ(3ziz j − δij)Vol
to order λ as derived in [10] for i  =  1,2 and which then holds for i  =  1,  2, 3. This can also be 
derived  by applying d to the bimodule relations and using dzi ∧ dz j = ijkzkVol at the classical 
level on the unit sphere. We will also use the antisymmetric lift V˜ol = 12 (z
3)−1(dz1 ⊗ dz2 − dz2 ⊗ dz1) 
at the classical level. The classical sphere metric gµν is given in [10] in the z1, z2 coordinates 
but we can also write it as
g =
3∑
i=1
dzi ⊗ dzi
Similarly, the inverse metric and metric inner product are
gµν = δµν − zµzν , (dzi, dz j) = δij − ziz j
for µ, ν = 1, 2, which extends as the second equality for i, j  =  1, 2, 3. The sphere is 
2- dimensional so only two of the zi are independent in any coordinate patch but the  expressions 
themselves are rotationally invariant in terms of all three.
The work [10] also computes the quantum metric and quantum Levi-Civita connection at 
order λ. We have
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g1 =gµνdzµ ⊗1 dzν − λ2(z3)2 dz
3 ⊗1 3ijzidz j + λV˜ol
=gµνdzµ ⊗1 dzν + λ2(z3)2 3ij
(
z3dzi ⊗1 dz j − zidz3 ⊗1 dz j
)
∇1dzµ = −zµ • g1 = −Γ̂µαβdzα ⊗1 dzβ − λzµV˜ol+ λ2
(
dz3 ⊗1 (µβgβγ + z
µzβ
(z3)2
βγ)dzγ
)
= −Γ̂µαβdzα ⊗1 dzβ − λ2(z3)2
(
3ijzµz3dzi ⊗1 dz j − µν3dz3 ⊗1 dzν
)
where we massaged the formulae in [10]. The classical Christoffel symbols are Γ̂µαβ = zµgαβ.
If we work with coefficients g˜ij in the middle for the metric then the given quantum metric 
corresponds to the correction term
h =
(2− (z3)2)
(z3)3
3ijdzi ⊗1 dz j = 2(2− (z
3)2)
(z3)2
V˜ol
which we see is antisymmetric. For the inverse metric we have from (2.13) that
(dzi, dz j)1 = gij +
λ
2
ijkzk
to order λ when i, j  =  1, 2 but which extends to i, j  =  1, 2, 3 with gij = δij − ziz j . For the con-
nection it is a nice check that the formula in lemma 2.2 gives the same answer for ∇1. Then 
we can calculate the quantum Riemann tensor from (2.17) or directly from the above formulae 
for ∇1.
Riem1(dzα) = (d⊗1 id− (∧1 ⊗1 id)(id⊗1 ∇1))∇1(dzα)
= − (d(Γ1αµβ) ∧ dzµ ⊗1 dzβ + Γ1αµγdzµ ∧1 Γ1γνβdzν ⊗1 dzβ)
which can be broken down into three terms as follows
 (i) The first term gives
d(Γ1αµβ) ∧ dzµ ⊗1 dzβ = −Γ̂αµβ,νdzν ∧ dzµ ⊗1 dzβ − λ2 ∂µ
(
zα
z3
)
3νβdzµ ∧ dzν ⊗1 dzβ
= −Γ̂αµβ,νdzν ∧ dzµ ⊗1 dzβ − λ2(z3)2 3νβ
(
z3dzα − zαdz3) ∧ dzν ⊗1 dzβ
= −Γ̂αµβ,νdzν ∧ dzµ ⊗1 dzβ − λ2z3
(
z3Vol⊗1 dzα − zαVol⊗1 dz3
)
  The last step comes from expanding the expression in the previous line and simplifying, 
this will prove useful in comparing to the other terms.
 (ii) Expanding ∧1 gives a further two terms at O(λ). But first, using the formula for the 
classical Christoffel symbols and metric compatibility note that
∇αΓ̂ιµνdzν = ∇αzιgµνdzν = (διαgµν + zιzνgαµ)dzν .
  Now consider
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ωηζ∇ηΓ̂αµγdzµ∧∇ζ Γ̂γνβdzν ⊗1 dzβ
= ωηζ(δαηgµγ + zαzγgηµ)dzµ ∧ (δγζgνβ + zγzβgζν)dzν ⊗1 dzβ
= ωαγgµγgνβdzµ ∧ dzν ⊗1 dzβ
=
1
z3
(αµ3 + 3µγzαzγ)gνβdzµ ∧ zν ⊗1 dzβ = Vol⊗1 dzα
  where the cancellations in the second line result from the antisymmetry of µ, ν  and η, ζ . 
For the second term use
Hµν =
1
2
(zµzν − δµν)Vol
  giving
Γ̂αµγΓ̂
γ
νβHµν ⊗1 dzβ = 12 z
αzγgµγgνβ(zµzν − δµν)Vol⊗1 dzβ
=
1
2
zαzν
(
(z1)2 + (z2)2
(z3)4
− 1
(z3)4
)
δνβVol⊗1 dzβ
= − z
α
2z3
Vol⊗1 dz3
Combining these two (remembering to add an overall 1/2 to the first) results in
Γ̂αµγdzµ ∧1 Γ̂γνβdzν ⊗1 dzβ
= Γ̂αµγΓ̂
γ
νβdzµ ∧ dzν ⊗1 dzβ + λ2z3
(
z3Vol⊗1 dzα − zαVol⊗1 dz3
)
 (iii) The last term involves the O(λ) of Γ1αµγΓ1γνβdzµ ∧ dzν ⊗1 dzβ and is
zγgνβ(zαz33µγdzµ − αγ3dz3) ∧ dzν ⊗1 dzβ + zαgµγdzµ ∧ (zγz33νβdzν − γβ3dz3)⊗1 dzβ .
  The second term, which given in components is
zαgµγ(zγz33νβ +
1
z3
γβδδνzδ)
  can be shown to be symmetric in µ, ν  and therefore vanishes, whereas the first can be 
expanded and simplified to give
zγgνβ(zαz33µγdzµ − αγ3dz3) ∧ dzν ⊗1 dzβ = − 1
(z3)2
(1− (z3)2)Vol⊗1 dzα − 2 z
α
z3
Vol⊗1 dz3
  Now, taking together the above terms gives the semiclassical Riemann tensor as
Riem1(dzα) = −12 R̂
α
βµνdxµ ∧ dxν ⊗1 dxβ + λ2(z3)2 (1+ (z
3)2)Vol⊗1 dzα
  Where the classical Riemann tensor is R̂ιγµνdzµ ∧ dzν ⊗ dzγ = dzι ∧ g. This is the same 
result as the general tensorial calculation using (2.18), as a useful check.
For the Ricci tensor, the form of the quantum lift from proposition 2.4 is
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i1(dzµ ∧ dzν) = 12 (dz
µ ⊗1 dzν − dzν ⊗1 zµ) + λI(dzµ ∧ dzν)
The functorial choice here comes out as I(dzµ ∧ dzν) = 0, but we leave this general. In 2D 
the lift map has three independent components which, in tensor notation, we parametrize as 
α := I1211, β := I1222 and γ := I1212, with the remaining components being related by sym-
metry. Then the tensorial formula (2.21) gives us
Ricci1 =− 12g1 −
3λ
2
V˜ol
− λ
(z3)2
(
(αz1z2 + γ((z2)2 − 1))dz1 ⊗1 dz1 − (βz1z2 + γ((z1)2 − 1))dz2 ⊗1 dz2
+(γz1z2 + α((z1)2 − 1))dz1 ⊗1 dz2 − (γz1z2 + β((z2)2 − 1))dz2 ⊗1 dz1
)
Next, following our general method, we fix I so that ∧1Ricci1 = 0, i.e. quantum symmetric. 
This results in the constraint
γ = − 1
4z1z2
(
3z3 + 2α((z1)2 − 1) + 2β((z2)2 − 1))
with α and β undetermined. We also want Ricci1 to be hermitian or ‘real’ in the sense 
flip(∗ ⊗ ∗)Ricci1 = Ricci1 which already holds for − 12g1. Since λ is imaginary this requires 
the matrix of coefficents in the order λ terms displayed above to be antisymmetric as all ten-
sors are real. This imposes three more constraints which are fortunately not independent and 
give us a unique suitable lift, namely with
α =
3
4z3
(1− (z2)2), β = 3
4z3
(1− (z1)2), γ = 3
4
z1z2
z3
.
The result (and similarly in any rotated coordinate chart) is
i1(dz1 ∧ dz2) = 12
(
dz1 ⊗1 dz2 − dz2 ⊗1 z1
)− 3λ
4z3
g
Ricci1 = −12g1
where the latter in our conventions is analogous to the classical case. And from this or from 
(2.23) we get the quantum scalar curvature
S1 = −12 Ŝ, Ŝ = R̂µνg
µν = 2
the same as classically in our conventions, so this has no corrections at order λ. As remarked 
in the general theory, the quantum Ricci scalar is independent of the choice of lift I.
We also find no correction to the Laplacian at order λ since the classical Ricci tensor is 
proportional to the metric hence the contraction in theorem 2.3 gives ωαβ(∇̂βdf )α which fac-
tors through ∇̂ ∧ df = 0 due to zero torsion of the Levi-Civita connection.
We close with some other comments about the model. In fact the parameter λ in this model 
is dimensionless and if we want to have the usual finite-dimensional ‘spin j’ representations 
of our algebra then we need
λ = ı/
√
j( j + 1)
C Fritz and S Majid Class. Quantum Grav. 34 (2017) 135013
24
for some natural number j as a quantisation condition on the parameter. Our reality conven-
tions require λ imaginary. It is also known from [7] that this differential algebra arises from 
twisting by a cochain at least to order λ2 but in such a way that the twisting also induces the 
correct differential structure at order λ, i.e. as given by the Levi-Civita connection. We take 
U(so1,3) with generators and relations
[Mi,Mj] = ijkMk, [Mi,Nj] = ijkNk, [Ni,Nj] = −ijkMk
acting on the classical zi (i.e. converting [7] to the coordinate algebra) as,
Mi  z j = ijkzk, Ni  z j = ziz j − δij.
This is the action of so1,3 on the ‘sphere at infinity’. The cochain we need is then [7]
F−1 = 1+ λf +
λ2
2
f 2 + · · · , f = 1
2
Mi ⊗ Ni
where the higher terms are conjectured to exist in such a way that the algebra remains associa-
tive at all orders (and gives the quantisation of S2 as a quotient of U(su2)). On the other hand 
cochain twisting extends the differential calculus to all orders as a graded quasi-algebra in 
the sense of [8]. Specifically, if we start with the classical algebra and exterior algebra on the 
sphere, the deformed products are
zi • z j = (F−1  zi)(F−2  z j) = ziz j + λ
2
ijkzk
zi • dz j = (F−1  zi)dF−2  z j = zidz j + λ
2
z jimnzmdzn
dz j • zi = (F−1  dz j)dF−2  zi = (dz j)zi − λ
2
zijmnzmdzn − λ2 ijmdz
m
to order λ, giving relations
[zi, dz j]• =
λ
2
((zijmn + z jimn)zmdzn + ijmdzm) = λz jjmnzmdzn
in agreement with the quantisation of the calculus by the Levi-Civita connecton. For the last 
step we let
wi = ijkz jdzk.
and note that classically ziw jijk = −dzk using the differential of the sphere relation and hence 
ziw j − z jwi = −ijkdzk. This twisting result in [7] is in contrast to other cochain twist or defor-
mation theory quantisations such as in [32], which consider only the coordinate algebra. It 
means that although the differential calculus is not associative at order λ2, corre sponding to 
the curvature of the sphere, different brackets are related via an associator and hence strictly 
controlled. One can then twist other aspects of the noncommutative geometry using the for-
malism of [8], see also more recently [3].
To get a sense of how these equations fit together even though nonassociative, we work 
now in the quantum algebra so from now till the end of the section all products are deformed 
ones. We have the commutation relations
[zi, z j] = λijkzk, [zi, dz j] = λwiz j
to order λ. Then, if we apply d to the first relation we have
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λijkdzk = [dzi, z j] + [zi, dz j] = λ(wiz j − w jzi) = λjikkmnzmwn
= −λijkkmnzmnabzadzb = −λijk(δkaδmb − δkbδma )zmzadzb = λijkdzk − λzmijkzkdzm
which confirms that 
∑
zmdzm = O(λ) (which is to be expected since it is zero classically). In 
fact we only need the commutation relations for i, j  =  1, 2 to arrive at this deduction. Moreover,
0 = d(
∑
m
zmzm) = 2zmdzm − λwmzm + [dz3, z3] + λw3z3
and wmzm = O(λ) since zero classically, which tells us that
[z3, dz3] = λw3z3 + 2zmdzm.
Hence zmdzm = 0 at order λ if the z3 commutation relations hold as claimed. In fact, assum-
ing only the i, j  =  1,2 commutation relations one can deduce (so long as z3 is invertible) that 
[z3, dz j] = λw3z j  for j  =  1, 2 by looking at [(z3)2, dzi] = 2z3[z3, dzi] on the one hand and using 
the radius relation on the other hand. From this and λi3kdzk = [dzi, z3] + [zi, dz3] we deduce 
that [zi, dz3] = λwiz3 as claimed. Then by the same calculation as for the [z3, dzi] relation we 
can deduce [z3, dz3] = λw3z3 as well. Thus, we have internal consistency of the quantum alge-
bra relations even if we do not have associativity of the relations involving the dzi.
3. Semiquantum FLRW model
We will use both Cartesian and spatially polar coordinates t, r, θ,φ whereby 
d2Ω = sin2(θ)dφ⊗ dφ is the unit sphere metric. It is already known from [10] that for a 
bivector ω to be rotationally invariant leads in polars to
ω23 =
f (t, r)
sin θ
= −ω32, ω01 = g(t, r) = −ω10 (3.1)
for some functions f, g and other components zero. Our approach is to solve (2.2) for S using 
the above form of ω and ∇̂ for the chosen metric, which in the present section is the spatial 
flat FLRW one [19]
g = −dt ⊗ dt + a(t)2(dr ⊗ dr + r2d2Ω)
with
Γ̂011 = a˙a, Γ̂
0
22 = a˙ar
2, Γ̂033 = a˙ar
2 sin2(θ),
Γ̂101 =
a˙
a , Γ̂
1
22 = −r, Γ̂133 = −r sin2(θ)
Γ̂202 =
a˙
a , Γ̂
2
21 =
1
r , Γ̂
2
33 = − sin(θ) cos(θ)
Γ̂303 =
a˙
a , Γ̂
3
31 =
1
r , Γ̂
3
23 = cot(θ)
Remarkably, if ω is generic in the sense that the functions a,f,g are algebraically independent 
and invertible then it turns out that one can next solve the Poisson-compatibility condition 
(2.2) for S uniquely using computer algebra. This is relevant if we drop the requirement (2.3) 
that ω obeys the Jacobi identity which is to say if we allow the coordinate algebra to be nonas-
sociative at order λ2 and if we drop (2.14) which is to say we allow a possible quantum effect 
where ∇1g1 = O(λ) in its antisymmetric part. Such a theory appears quite natural for this 
reason, but for the present purposes we do want to go further and impose (2.3) as well as the 
condition (2.14) for the existence of a fully quantum Levi-Civita connection.
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Proposition 3.1. In the FLRW spacetime with spherically symmetric Poisson tensor, 
a Poisson-compatible connection obeying (2.14) and (2.3) requires up to normalisation that 
g(r, t)  =  0 and f(r, t)  =  1. The contorsion tensor in this case is
S022 = aa˙r2, S122 = a2r, S033 = aa˙r2 sin2(θ), S133 = a2r sin2(θ)
S120 = S123 = S223 = S320 = S130 = S132 = S230 = S233 = 0
up to the outer antisymmetry of Sµνγ. The remaining components Sµ0ν, Sµ1ν are undeter-
mined but are irrelevant to the combination ωαβ∇β (the contravariant connection), which is 
uniquely determined.
Proof. As already noted in [10] for ω of the rotationally invariant form (3.1) to obey (2.3) 
comes down to
g∂tf = g∂rf = 0 (3.2)
which tells us that either f  =  k a constant or g  =  0. We examine the former case, then the Pois-
son compatibility condition (2.2) becomes
S201 = 0, S301 = 0, S001g− ∂rg = 0, S314 = 0, S233 = 0, S322 = 0
S031kr2a2 + S112g sin(θ) = 0, r2a2k sin(θ)S021 + S311g = 0, aa˙ sin(θ)g+ kS231 = 0
S203g− r2 sin(θ)(ra2 − S231) = 0, S002a2g+ S112g = 0, sin(θ)g+ S230kr = 0
kr4a2 sin(θ)aa˙+ S312g+ kS022 = 0, a2r3k sin2(θ) + S203g+ kS331 = 0
r4a3 sin2(θ)S033 − S312 = 0, sin(θ)g− rkS320 = 0, kr2S031 − S002g sin(θ) = 0
a2S003 − S322 = 0, S021r2 sin(θ) + S003 = 0, 2kaa˙r2 sin(θ)− S022 sin(θ)− kS033 = 0
gaa˙ sin(θ)− kS321 = 0, r2a2∂tg+ r2aa˙g+ S012 = 0, (2ra2 − S122)k sin2(θ) + S331 = 0.
This is not enough to determine all the components of S and hence ∇ but determines enough 
of them for the Ricci 2-form to be uniquely determined for k = 0, as
R01 = 1r2
(
5r2aa˙∂tg− a˙2 + gr2aa˙+ ∂2t gr2aa˙− ∂2r gr2 − 2r∂rg+ 6g
)
R23 = 1kr2 sin(θ)
(
k2r4a2 + ga2r2 − g2) .
We can now impose the Levi-Civita condition, using the Physics package in Maple, to ex-
pand (2.14) and solve for g simultaneously with the above requirements of (2.2) (details 
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omitted). This results in g  =  0 as the only unique solution permitting Poisson compatibility 
and a quantum Levi-Civita connection for f a (nonzero) constant. The case f  =  0 also has this 
conclusion and we exclude this so as to exclude the unquantized case ω = 0 in our analysis. 
We now go back and examine the second case, setting g  =  0 and leaving f arbitrary. Now 
(2.2) includes
∂rf = 0, ∂tf = 0
independently of the contorsion tensor. Hence this takes us back to g  =  0 and f constant again. 
We can absorb the latter constant in λ, i.e. we take k  =  1 up to the overall normalisation of ω. 
Then the above-listed content of (2.2) setting k  =  1 and g  =  0 gives us the values of S and 12 
undetermined components as stated.
In the process above we also solved (2.14) so this holds for the stated S with f  =  1 and 
g  =  0. As this depended on a Maple solution, we check it analytically, setting
Qγµν = ωαβ gρσ Sσβν(Rρµγα +∇αSργµ)− ωαβ gρσ Sσβµ(Rρνγα +∇αSργν)
 
(3.3)
while from the above with k  =  1, g  =  0, the Ricci two-form for our solution is
R = −1
2
a2r2sin(θ)dθ ∧ dφ (3.4)
and is independent of the undetermined components. This allows us to compute 
∇̂0Rµν = ∇̂1Rµν = 0 as well as
∇̂2Rµν = arsin(θ)

0 0 −a˙r 0
0 0 −a 0
a˙r a 0 0
0 0 0 0
 , ∇̂3Rµν = arsin(θ)

0 0 a˙r 0
0 0 a 0
−a˙r −a 0 0
0 0 0 0

Further calculation yields Q0µν = Q1µν = 0 and
Q2µν = arsin(θ)

0 0 −a˙r 0
0 0 −a 0
a˙r a 0 0
0 0 0 0
 , Q3µν = arsin(θ)

0 0 a˙r 0
0 0 a 0
−a˙r −a 0 0
0 0 0 0

Substituting into (2.14) we see that this holds in the form 12Qγαβ − 12∇̂γRµν = 0. □
Thus we see that if we want the Poisson bracket to obey the Jacobi identity so as to keep 
an associative coordinate algebra and if we want a full quantum Levi-Civita connection 
without on O(λ) correction to the antisymmetric part of the quantum metric compatibility 
tensor ∇1g1, then rotational invariance forces us to a model in which time is central and 
in which the other commutation relations are also determined uniquely from ωαβ∇β. To 
work these out it is convenient (though not essential) to work with the angular variables 
in terms of zi = xi/r  as redundant unit sphere variables at each r,t, with dzi = 1r dx
i − xir2 dr. 
Now, using the contorsion tensor above, the Christoffel symbols of the ‘quantising’ con-
nection come out as
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Γ0µν =

0 −S001 −S002 −S003
0 aa˙− S011 −S012 −S013
0 0 0 0
0 0 0 0
 , Γ1µν =

S100 a˙a S
1
02 S103
a˙
a + S
1
10 0 S112 S113
0 0 0 0
0 0 0 0

Γ2µν =

S200 S201 a˙a S
2
03
S210 S211 r−1 S212
0 0 z
1(1−(z2)2)
(z3)2
(z1)2z2
(z3)2
0 0 (z
1)2z2
(z3)2
z1(1−(z1)2)
(z3)2
 , Γ3µν =

S300 S301 S303 a˙a
S310 S311 S312 r−1
0 0 z
2(1−(z2)2)
(z3)2
z1(z2)2
(z3)2
0 0 z
1(z2)2
(z3)2
z2(1−(z1)2)
(z3)2

 (3.5)
while the bimodule relations are independent of the undetermined components of S and come 
out as
[zi, z j] = λijkzk, [zi, dz j] = λz jimnzmdzn.
Our quantum algebra at order λ is thus classical in the r,t directions and a standard fuzzy 
sphere as in section 2.5 in the angular ones. We also have
[r, xi] = 0, [r, dxi] = 0, [xi, dr] = 0
so that r, t, dt, dr are all central. The undetermined contorsion components do not enter these 
relations from (2.5) because only ω23 is nonzero so contraction with the Christoffel sym-
bols selects only the Γµ2ν  and Γµ3ν  components which depend on only the corresponding S 
components.
For the rest of this section, for the sake of brevity, we shall concentrate on the case where 
the undetermined and irrelevant S components are all set to zero, returning later when analyz-
ing general spherically symmetric metrics to see what happens when these are included. For 
the record, changing to Cartesians, the nonzero bimodule relations are
[xi, x j] = λrijkxk, [xi,Ω j] =
λ
r
x jimnxmΩn
by letting dzi = Ωi/r  while our choice of the undetermined contorsion tensor components 
allows us to write down a nice expression for the ‘quantising’ connection
Γijk = −x
m
r2
ikn
n
jm, Γi0j =
a˙
a
δij Γ
i
j0 = 0
The torsion comes out as
Tijk =
xm
r2
imn
n
jk, Ti0j =
a˙
a
δij
and the Riemann, Ricci and scaler curvatures of the ‘quantising’ connection are
Rijkl =
1
r2
ijm
m
kl +
1
r4
(
xjxmimnnkl + xixmjmnnkl
)
 (3.6)
Rij =
1
r4
(δijr2 − xixj), S = 2a2r2 (3.7)
and it should be noted that R0jkl = Ri0kl = Rij0l = 0 and Ri0 = R0i = 0.
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3.1. Construction of quantum metric and quantum Levi-Civita connection
Having solved for a Poisson bracket and Poisson compatible metric-compatible connection 
we are in a position to read off, according to the theory in [10], the full exterior algebra and 
the quantum metric to lowest order. First compute
Hij = − 1
2r3
(
inkxmx jxk − r2inkδ jmxk
)
dxn ∧ dxm
 (3.8)
from which we get
Rmn = a
2
r
mnkxk, R = a
2
2r
mnkxkdxn ∧ dxm
 (3.9)
As with the curvature, all time components are equal to zero. From Γ and Hij we have
dxi ∧1 dx j = dxi ∧ dx j + λ2r3
(
r2inmx j + r2ijmxn + r2inkδ jmxk + inkxkx jxm
)
dxm ∧ dxn
dr ∧1 dxi = dr ∧ dxi, dt ∧1 dxi = dt ∧ dxi, dxi ∧1 dt = dxi ∧ dt (3.10)
{dxi, dx j}1 = λr3
(
r2inmx j + r2ijmxn + r2inkδ jmxk + inkxkx jxm
)
dxm ∧ dxn.
Similary, from Γ and R we compute g1 from (2.9). Remarkably, the correction term 
λ
2ω
αβgµρΓρακΓ
κ
βν exactly cancels the λRµν  so that g1µν = gµν and
g1 = gµνdxµ ⊗1 dxν (3.11)
Moreover since the components gµν depend only on time, we also have that g1µν = g˜1µν. It 
is a nice check to verify that ∧1(g1) = 0 is satisfied as it must from our general theory. The 
second version of the metric is subtly different and equality depends on the form of the FLRW 
metric. One can also compute
ωµν [∇µ,∇ν ]Tαβγ = 0, ωµν [∇µ,∇ν ]Sαβγ = 0
∇̂iRmn = −a
2
r3
(
mnkxkxi − r2mni
)− aa˙
r
(
inkxk − imkxk
)
and see once again that (2.14) holds as it must by construction in proposition 3.1.
Hence a quantum Levi-Civita connection for g1 exists by the theory from [10] and from 
lemma 2.2 we find it to be
∇1(dxι) = Γ̂ιµνdxµ ⊗1 dxν
which, like the quantum metric earlier, keeps its undeformed coefficients in the coordinate 
basis if we keep all coefficients to the left and use ⊗1. The theory in [10] ensures that this is 
quantum torsion free and quantum metric compatible as a bimodule connection with gener-
alised braiding σ1 from (2.16) which computes as
σ1(dxa ⊗1 dxb) = dxb ⊗1 dxa + λr3
(
k
bkxkxmxn + knbxkxaxm + 2r2abk xkδmn
+ 2r2bmkxkδan − r2amkxkδbm + r2bckxkδab
)
dxn ⊗1 dxm
σ1(dt ⊗1 dxa) = dxa ⊗1 dt
σ1(dxa ⊗1 dt) = dt ⊗1 dxa
 
(3.12)
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It is a reassuring but rather nontrivial check to verify directly from our results for ∇1,σ1, g1 
that ∇1g1 = 0 as implied by the general theory in [10]. Lastly, we compute the quantum lift 
map from proposition 2.4 as
i1(dxa ∧ dxb) = 12
(
dxa ⊗1 dxb − dxb ⊗1 dxa
)
− λ
4r
abmxn (dxm ⊗1 dxn + dxn ⊗1 dxm)
i1(dt ∧ dxα) = 12 (dt ⊗1 dx
α − dxα ⊗1 dt)
i1(dxα ∧ dt) = 12 (dx
α ⊗1 dt − dt ⊗1 dxα)
 
(3.13)
where we have taken the functorial choice I  =  0.
3.2. Quantum Laplace operator and curvature tensors
We first observe that [dxm, gmn] = 0 for the FLRW metric since either the coefficients gmn depend 
only on t or are constant in our basis. Hence the inverse metric is simply (dxa, dxb)1 = gab 
undeformed similarly to the coefficients of g1, since then
( f • dxα, gµν • dxµ)1 • dxν = ( f • dxa, dxµ • gµν)1 • dxν − ( f • dxα, [dxµ, gµν ])1 • dxν
= f • (dxα, dxµ)1 • gµν • dxν = f • dxα
as required, where we also need that {gam, gmn} = 0 which holds for the FLRW metric. 
Similarly on the other side. It follows that the quantum dimension is the same as the classical 
dimension, namely 4, in our model. Similarly, because ∇1, g1, (,)1 also have their classical 
form, from theorem 2.3 we get that
1f = gαβ
(
f,αβ + f,γΓ̂γαβ
)
is also undeformed on the underlying vector space. We used that ∇1 is a left connection. We 
can also calculate the quantum Riemann tensor using (2.17) from which we see that correc-
tions come from ∧1.
Riem1(dxi) = (d⊗ id)∇1dxi − Γ̂iµγdxµ ∧1 Γ̂γναdxν ⊗1 dxα
= − 1
2
R̂iαµνdxµ ∧ dxν ⊗1 dxα − λa˙
2
2r3
inkxkxjxmdxm ∧ dxn ⊗1 dx j
− λa˙
2
2r
(
inmxj + ijmxn + inkδjmxk
)
dxm ∧ dxn ⊗1 dx j
Riem1(dt) = − 12 R̂
0
αµνdxµ ∧ dxν ⊗1 dxα
Next step is to calculate Ricci1 which comes out as
Ricci1 = −12 R̂αβdx
β ⊗1 dxα
with no corrections to the coefficients in this form. The classical Ricci tensor for the 
Levi-Civita connection in our conventions is
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R̂icci = −1
2
((
2a˙2 + aa¨
)
δijdxi ⊗ dx j − 3 a¨adt ⊗ dt
)
and Ricci1 has the same form just with ⊗1. The components again depend only on time, hence 
are central, which means that ρ = 0 as well. It remains to verify that ∧1(Ricci1) = 0 as it 
should have the same quantum symmetry as g1. So using (3.10), we first see that dt ∧1 dt = 0 
leaving (since the coefficients are time dependent they can be neglected here)
δijdxi ∧1 dx j = λ2r3 δij
(
r2inmx j + r2ijmxn + r2inkδ jmxk + inkxkx jxm
)
dxm ∧ dxn = 0
From (2.23) we calculate the scalar curvature. Since neither the quantum metric or Ricci ten-
sor have any semiclassical correction, it is straightforward to see that the same is true of the 
Ricci scalar, i.e.
S1 = −12 Ŝ, Ŝ = R̂µνg
µν =
6
a2
(
a¨a+ a˙2
)
. (3.14)
4. Semiquantisation of spherically symmetric metrics
4.1. General analysis for the spherical case
In the previous section we saw that for a spherically symmetric Poisson tensor, demanding 
a compatible connection that also satisfied (2.14) results in a unique quantisation at order λ 
of the FLRW metric. Something similar for the Schwarzschild black hole in [10] suggests a 
general phenomenon for the spherically symmetric case. We prove in the present section that 
this is generically true. For the metric we choose a diagonal form
g = a2(r, t)dt ⊗ dt + b2(r, t)dr ⊗ dr + c2(r, t)(dθ ⊗ dθ + sin2(θ)dφ⊗ dφ)
where a,b,c are arbitrary functional parameters. The Poisson tensor is taken to be the same as 
in section 3, once again parameterized by
ω23 =
f (t, r)
sin θ
= −ω32, ω01 = g(t, r) = −ω10
The Christoffel symbols for the above metric are
Γ̂000 =
∂ta
a , Γ̂
0
01 =
∂ra
a , Γ̂
0
33 = − b∂tb sin
2(θ)
a2 , Γ̂
0
11 = − b∂tba2 , Γ̂022 = − c∂tca2
Γ̂100 = − a∂rab2 , Γ̂111 = ∂rbb , Γ̂133 = − b∂rb sin
2(θ)
b2 , Γ̂
1
01 =
∂tb
b , Γ̂
1
22 = − c∂rcb2
Γ̂202 =
∂tc
c , Γ̂
2
21 =
∂rc
c , Γ̂
2
33 = − sin(θ) cos(θ)
Γ̂303 =
∂tc
c , Γ̂
3
31 =
∂rc
c , Γ̂
3
23 = cot(θ).
 
(4.1)
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Theorem 4.1. For a generic spherically symmetric metric with functional parameters 
a, b, c and spherically symmetric Poisson tensor, the Poisson-compatibility (2.2) and the 
quant um Levi-Civita condition (2.14) require up to normalisation that g(r, t)  =  0 and f(r, 
t)  =  1 and the contorsion tensor components
S022 = c∂tc, S122 = c∂rc, S033 = c∂tc sin2(θ), S133 = c∂rc sin2(θ)
S120 = S123 = S223 = S320 = S130 = S132 = S230 = S233 = 0
up to the outer antisymmetry of Sµνγ. The remaining components Sµ0ν, Sµ1ν are undetermined 
but do not affect ωαβ∇β, which is unique. The relations of the quantum algebra are uniquely 
determined to O(λ) as those of the fuzzy sphere
[zi, z j] = λijkzk, [zi, dz j] = λz jimnzmdzn
as in section 2.5 and
[t, xµ] = [r, xµ] = 0, [xµ, dt] = [xµ, dr] = 0
so that t, r, dt, dr are central at order λ.
Proof. The first part is very similar to the proof of proposition 3.1 but with more complicat-
ed expressions. We once again require that either constant f  =  k or g  =  0 for ω to be Poisson. 
Taking first f  =  k and leaving g arbitrary gives the Poisson compatibility condition (2.2) as
S102 = 0, S301 = 0, S322 = 0, S310 = 0, S012 = 0, S332 = 0,
gabS001 + ab∂rg+ ga∂rb+ gb∂ra = 0, ab2∂tg+ abg∂tb+ b2g∂ta+ a3gS011 = 0
c2S331 − b2S122 + 2c∂rc = 0, kc2S031 + gb2 sin(θ)S112 = 0, g∂tc sin(θ)− cS132 = 0,
a2g sin(θ)S312 − ka2S022 − kc∂tc = 0, gb2S302 sin(θ) + kb2S122 sin(θ)− kc∂rc = 0,
S112 + S002 = 0, kcS032 + g∂rc sin(θ) = 0, g sin(θ)S311 + kS021 = 0,
kc∂rc+ gb2 sin(θ)S302 + kc2S331 = 0, kd3 sin(θ)S321 − gb2∂tc = 0,
c2S330 + a2S022a2 + 2c∂rc = 0, gS300b2 sin(θ) + ka2S021 = 0, kc2S031 − gb2S002 = 0
kc3 sin(θ)S320 − a2g∂rc = 0, kc∂tc− ga2S312 sin(θ) + kc2S330, a2S311 − b2S300 = 0
Once again, the above is enough to determine R and can then be solved for g simultaneously 
with (2.14) using computer algebra (details omitted) assuming that a, b, c are generic in the 
sense of invertible and not enjoying any particular relations. The only solution is g(r, t)  =  0 as 
in the FLRW case. Now, starting over with g  =  0 and f arbitrary, Poisson compatibility (2.2) 
gives a number of constraints including
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∂rf = 0, ∂tf = 0
which again forces us back to g  =  0, f  =  k (which we set to be 1). Our above reduction of (2.2) 
setting g  =  0 and k  =  1 then gives the contorsion tensor is as stated and by construction we 
also solved (2.14).
Now we now check (2.14) for this solution directly and independently of the computer 
algebra (which then does not require a,b,c generic). For this, the generalised Ricci two-form 
comes out as
R = −1
2
c2 sin(θ)dθ ∧ dφ
giving us ∇̂0Rµν = ∇̂1Rµν = 0 as well as
∇̂2Rµν = c sin(θ)

0 0 −∂tc 0
0 0 −∂rc 0
∂tc ∂rc 0 0
0 0 0 0
 , ∇̂3Rµν = c sin(θ)

0 0 −∂tc 0
0 0 −∂rc 0
∂tc ∂rc 0 0
0 0 0 0

Further calculation yields Q0µν = Q1µν = 0 and
Q2µν = c sin(θ)

0 0 −∂tc 0
0 0 −∂rc 0
∂tc ∂rc 0 0
0 0 0 0
 , Q3µν = c sin(θ)

0 0 −∂tc 0
0 0 −∂rc 0
∂tc ∂rc 0 0
0 0 0 0

Substituting, see see that (2.14) holds in the form 12Qγαβ − 12∇γRµν = 0 , where Q is the 
expression (3.3). This we have solved for the contorsion tensor obeying (2.2) and (2.14) for 
any a, b, c and this gives us ωαβ∇β uniquely if these are generic.
Next we take the last two local coordinates z1 and z2 while identifying (z3)2 = 1− 
(z2)2 − (z1)2. Then the Poisson tensor becomes
ω = z3(
∂
∂z1
⊗ ∂
∂z2
− ∂
∂z2
⊗ ∂
∂z1
)
giving the coordinate algebra as stated. Since only ω23 = −ω32 is nonzero, we also have 
{t, xµ} = {r, xµ} = 0. The ‘quantising’ connection is
∇dt = −∂ta
a
dt ⊗ dt − b∂tb
a2
dr ⊗ dr − ∂ra
a
(dr ⊗ dt + dt ⊗ dr)− S00µdt ⊗ dxµ − S01µdr ⊗ dxµ
∇dr = −a∂ra
b2
dt ⊗ dt − ∂tb
b
dr ⊗ dr − ∂tb
b
(dr ⊗ dt + dt ⊗ dr)− S10µdt ⊗ dxµ − S11µdr ⊗ dxµ
∇dzi = −∂rc
c
dr ⊗ dzi − ∂tc
c
dt ⊗ dzi − δabzidza ⊗ dzb − Si0µdt ⊗ dxµ − Si1µdr ⊗ dxµ
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due to the Christoffel symbols
Γ0µν =

∂ta
a
∂ra
a S
0
01 S002 S003
∂ra
a
b∂tb
a2 + S
0
11 S012 S013
0 0 0 0
0 0 0 0
 , Γ1µν =

S100 + a∂rab2
∂tb
b S
1
02 S103
∂tb
b + S
1
10
∂rb
b S
1
12 S113
0 0 0 0
0 0 0 0

Γ2µν =

S200 S201 ∂tcc S
2
03
S210 S211 ∂rcc S
2
12
0 0 z
1(1−(z2)2)
(z3)2
(z1)2z2
(z3)2
0 0 (z
1)2z2
(z3)2
z1(1−(z1)2)
(z3)2
 , Γ3µν =

S300 S301 S303 ∂tcc
S310 S311 S312 ∂rcc
0 0 z
2(1−(z2)2)
(z3)2
z1(z2)2
(z3)2
0 0 z
1(z2)2
(z3)2
z2(1−(z1)2)
(z3)2

From (2.5) we immediately see that [t, dxµ] = [r, dxµ] = 0. Furthermore,
[z1, dxµ] = −z3Γµ3βdxβ , [z2, dxµ] = z3Γµ2βdxβ
so we can read of from the Christoffel symbols that [xµ, dt] = [xµ, dr] = 0. Evaluating the 
nonzero terms gives
[z1, dz1] = − z
1
z3
(z1z2dz1 − ((z1)2 − 1)dz2), [z2, dz2] = z
2
z3
(z1z2dz2 − ((z2)2 − 1)dz1)
[z2, dz1] = − z
2
z3
(z1z2dz1 − ((z1)2 − 1)dz2), [z1, dz2] = z
1
z3
(z1z2dz2 − ((z2)2 − 1)dz1)
which upon using 
∑
i z
idzi = 0 becomes [zi, dz j] = λz jimnzmdzn. □
So we see that in generalizing the analysis, we recover the same bimodule structure as in 
the FLRW case and by extension, that of the fuzzy sphere in section 2.5. The noncommutativ-
ity is purely spatial and confined to spatial ‘spherical shells’; the surfaces of fuzzy spheres at 
each time and each classical radius r. We have checked directly in the proof of the theorem 
that this is a solution for all a,b,c while for generic a,b,c we showed that it is the only solu-
tion, i.e. we are forced into this form from our assumptions and spherical symmetry. There 
do in fact exist particular combinations of these metric functional parameters which permit 
alternative solutions for f and g. In fact we already saw an example in section 2.4 with the 
Bertotti–Robinson metric which had f  =  0 and g  =  −r. To see why this was allowed, we take 
a brief look at the Poisson compatibility condition (2.2) again, now with arbitrary f and g and 
note the particular constraint
S032fc+ g∂rc sin(θ) = 0, −S132fc+ g∂rc sin(θ) = 0
It is clear that with c arbitrary, we cannot have f  =  0 without also having g  =  0. However, 
allowing c  =  constant means we can also take f  =  0 and g nonzero, as is the case with the 
Bertotti–Robinson metric. This leads to a different contorsion tensor with a flat ∇ and in fact 
this exceptional model was solved using algebraic methods in [28] including the quantum 
Levi-Civita connection to all orders in λ.
Proceeding with our generic spherically symmetric metric, for brevity we define
F1 =
1
a3b
(
a2b∂2r a− ab2∂2t b+ b2∂tb∂ta− a2∂rb∂ra
)
, F2 =
a2
b2
F1
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F3 =
c
a3b
(a∂tb∂rc− ba∂t∂rc+ b∂tc∂ra) , F4 = ca3b2
(
b2∂ta∂tc+ a2∂rc∂ra− b2a∂2t c
)
F5 =
c
b3a2
(
a2∂rb∂rc+ b2∂tc∂tb− a2b∂2r c
)
, F6 =
1
b2a2
(
b2a2 + b2(∂tc)2 − a2(∂rc)2
)
F7 =
1
a2bc
(
a2b∂2r − a2∂rb∂rc− b2∂tb∂tc
)
, F8 =
1
ab2c
(−b2a∂2t + a2∂ra∂rc+ b2∂ta∂tc)
F9 =
1
abc
(b∂ra∂tc+ a∂tb∂rc− ab∂r∂tc)
in which terms the Riemann tensor for the Poisson-compatible ‘quantising’ connection comes 
out as
Riem(dt) = −F1dr ∧ dt ⊗ dr + C(dt), Riem(dr) = F2dr ∧ dt ⊗ dt + C(dr),
Riem(dzi) = δabdzi ∧ dza ⊗ dzb + C(dzi),
where we have collected in the tensor C all contributions coming from the undetermined 
comp onents of the contorison tensor, namely
C(dxι) = ∇µSι0αdxµ ∧ dt ⊗ dxα +∇µSι1αdxµ ∧ dr ⊗ dxα
+
(
Sι0κSκνα + Sι0αS00ν + Sι1αS10ν
)
dt ∧ dxν ⊗ dxα
+
(
Sι1κSκνα + Sι0αS01ν + Sι1αS11ν
)
dr ∧ dxν ⊗ dxα
+
(
Sι0αS0iν + Sι1αS1iν
)
dzi ∧ dxν ⊗ dxα
We also have the classical Ricci tensor for the Levi-Civita connection
R̂icci =− 1
2
((F2 + 2F8)dt ⊗ dt − (F1 + 2F7)dr ⊗ dr + F9(dt ⊗ dr + dr ⊗ dt)
− 1
(z3)2
(F6 + F5 − F4)δijdzi ⊗ dz j))
and, for later reference, the Einstein tensor
Ĝ =− 1
2
(
a2
c2
(F5 + 2F6)dt ⊗ dt − a
2
c2
(F6 − 2F4)dr ⊗ dr + F9(dt ⊗ dr + dr ⊗ dt)
− 1
(z3)2
(F5 − F4 − c
2
b2
F1)δijdzi ⊗ dz j
)
Before continuing, we turn briefly to the quantity ωβα(Rινµα + Sιµν;α) which appears in 
several formulas in section 2, most importantly, the quantum Levi-Civita connection condition 
(2.14). In particular, we note that it is surprisingly simple with the only nonzero components
ω2α(R222α + S222;α) =
z1z2
z3
, ω2α(R322α + S322;α) =
(z2)2 − 1
z3
,
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ω3α(R323α + S332;α) =
z2z1
z3
, ω3α(R323α + S332;α) =
(z2)2 − 1
z3
,
ω2α(R232α + S232;α) =
1− (z1)2
z3
, ω2α(R332α + S332;α) = − z
1z2
z3
,
ω3α(R233α + S233;α) =
1− (z1)2
z3
, ω3α(R333α + S333;α) = − z
1z2
z3
The undetermined components of S do not contribute. In general the ‘quantising’ connection 
always enters in combination with the Poisson tensor e.g. ωαβΓιβγ so the same argument as 
in the proof of theorem 4.1 applies and we do not see the undetermined components Sµ1ν or 
Sµ2ν in geometrically relevant expressions, as demonstrated by the generalized Ricci 2-form 
which now is
R = −1
2
c2mnkzkdzm ∧ dzn = −c
2
z3
dz1 ∧ dz2
From this we have the quantum wedge product
dt ∧1 dxµ = dt ∧ dxµ, dxµ ∧1 dt = dxµ ∧ dt, dr ∧1 dxµ = dr ∧ dxµ, dxµ ∧1 dr = dxµ ∧ dr
dzi ∧1 dz j = dzi ∧ dz j + λ2
(
3ziz j − δij) dz1 ∧ dz2
{dzi, dz j}1 = λ
(
3ziz j − δij) dz1 ∧ dz2
Our next step is to calculate the quantum metric.
g1 = gµνdxµ ⊗1 dxν + λc
2
2(z3)2
3ij
(
z3dzi ⊗1 dz j − zidz3 ⊗1 dz j
)
Working with metric components g˜ij (in the middle) we get
h =
c2(2− (z3)2)
(z3)3
3ijdzi ⊗1 dz j
Meanwhile, for the inverse metric with components g˜ij we get
(dz1, dz2)1 = g23 +
λ
2
z3
c2
, (dz2, dz1)1 = g32 − λ2
z3
c2
(dt, dt)1 = g00, (dr, dr)1 = g11, (dz1, dz1)1 = g22, (dz2, dz2)1 = g33
Now, lemma 2.2 gives the quantum connection as
∇1(dt) = −Γ̂0µνdxµ ⊗1 dxν − λ2(z3)2
c∂tc
a2
3ij
(
z3dzi ⊗1 dz j − zidz3 ⊗1 dz j
)
∇1(dr) = −Γ̂1µνdxµ ⊗1 dxν + λ2(z3)2
c∂rc
b2
3ij
(
z3dzi ⊗1 dz j − zidz3 ⊗1 dz j
)
 
(4.2)
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∇1(dza) = −Γ̂iµνdxµ ⊗1 dxν + λ2
(
ijkzkzadzi ⊗1 dz j − 1
(z3)2
ai3dz3 ⊗1 dzi
)
Lastly, we calculate the associated braiding. Its contributions at order λ are
σ1(dzi ⊗1 dz j) = dz j ⊗1 dzi + λ
(
abczcziz j +  jaczcδib + ijczcδab
)
dza ⊗1 dzb
when calculated using (2.16). Meanwhile, from proposition 2.4 quantum antisymmetric lift is
i1(dxµ ∧ dxν) = 12 (dx
µ ⊗1 dxν − dxν ⊗1 dxµ) + λI(dxµ ∧ dxν) (4.3)
The functorial choice gives I(dxµ ∧ dxν) = 0, but we leave this general.
4.2. Quantum Laplace operator and curvature tensor
Following from the previous section, we first calculate the Laplace operator. From theorem 
2.3 we get that
1f = gαβ
(
f,αβ + f,γΓ̂γαβ
)
as with the flat FLRW metric, is undeformed in the underlying algebra. Then, (2.18) gives the 
quantum Riemann tensor as
Riem1(dt) = −12 R̂
0
αµνdxµ ∧ dxν ⊗1 dxα − λ2(z3)2
(
3ijz3(F3dt − F4dr) ∧ dzi ⊗1 dz j
+3ijzi(F3dt − F4dr) ∧ dz j ⊗1 dz3
)
Riem1(dr) = −12 R̂
1
αµνdxµ ∧ dxν ⊗1 dxα + λ2(z3)2
(
3ijz3(F5dt − F3dr) ∧ dzi ⊗1 dz j
+3ijzi(F5dt − F3dr) ∧ dz j ⊗1 dz3
)
Riem1(dzµ) = −12 R̂
µ
αµνdxµ ∧ dxν ⊗1 dxα + λF62(z3)2 (1+ (z
3)3)dz1 ∧ dz2 ⊗1 dzµ
Using the lift map (4.3) and the tensor formula (2.21) we get the quantum Ricci tensor as
Ricci1 = −12 R̂µνdx
µ ⊗1 dxν − λ4(z3)2 (F6 + F5 − F4)3ij
(
z3dzi ⊗1 dz j − zidz3 ⊗1 dz j
)
− 3λ
4z3
F63ijdzi ⊗1 dz j − λ2 R̂
α
γηζIηζανdxν ⊗1 dxγ
Lastly, we fix I so that we have both ∧1(Ricci1) = 0 and flip(∗ ⊗ ∗)Ricci1 = Ricci1. For the 
latter, it is easiest to consider the quantum Ricci tensor with components in the middle so that 
from section 2.2 we have
ρ = − 1
4(z3)3
(
(F5 − F4)(2− (z3)2) + 2F6(1+ (z3)2)
)
3ijdzi ⊗1 dz j
− 1
2
R̂αγηζIηζανdxν ⊗1 dxγ
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where, for comparison, ρ = − 12ρµνdxµ ⊗1 dxν. The reality condition, since the coefficients 
are real and λ imaginary, requires this to be antisymmetric. Also,
∧1(Ricci1) = − 3λ2z3F6dz
1 ∧ dz2 − λ
2
R̂αγηζIηζανdxν ∧ dxγ
Putting this together results in
R̂αγηζIηζανdxν ⊗1 dxγ = − 32z3F63ijdz
i ⊗1 dz j
This answer for the contraction of the lift map with the Riemann tensor is unique, but the same 
is not true of the lift map itself and we are left with a large moduli of possible solutions with 
most components of I undetermined. We examine the simplest possible form by setting these 
to zero, leaving us with
i1(dz1 ∧ dz2) = 12
(
dz1 ⊗1 dz2 − dz2 ⊗1 dz1
)− 3λ
4z3
δijdzi ⊗1 dz j
as the only part with an O(λ) contribution and which is the same as for the fuzzy sphere seen 
previously. This results in
ρ = − 1
4(z3)3
(F6 + F5 − F4)(2− (z3)2)3ijdzi ⊗1 dz j
which we note has the same structure as h for the quantum metric, but with different coef-
ficients. The quantum Ricci tensor (with components on the left) is now
Ricci1 = −12 R̂µνdx
µ ⊗1 dxν − λ4(z3)2 (F6 + F5 − F4)3ij
(
z3dzi ⊗1 dz j − zidz3 ⊗1 dz j
)
The scalar curvature, using (2.23), has no corrections and comes out as
S1 = −12 Ŝ, Ŝ = R̂µνg
µν =
2
c2
(F6 + 2F5 − 2F4)− 2b2F1
Note that it depends only on t and r and is therefore central in the algebra. From proposition 
2.1, the quantum dimension comes out as
dim(M)1 = dim(M)− λωαβgµν ,αΓνβµ = 4
It might also be of interest to think about a quantum Einstein tensor. While a general theorem 
has not been established, we could consider a ‘naive’ construction by analogy to the classi-
cal expression. Since the quantum and classical dimensions are the same, we could take for 
example
G1 = Ricci1 − 12S1g1
which has the same form as the classical case. This can be written as
G1 = −12G1µνdx
µ ⊗1 dxν = −12dx
µ • G˜1µν ⊗1 dxν
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where G˜1µν = G1µν − λωαβĜγν,αΓγβµ and as previously the hat denotes that this is for the 
Levi-Civita connection. Now since in our case S1 is purely classical and central, this can be 
expressed in component form as
G˜1µν = R˜1µν −
1
2
Ŝ g˜µν
following the same pattern as how the components of Ricci1 and g1 are written. If we write 
G˜1µν = Ĝµν + λΣµν then
Σ = ρ− 1
4
Ŝ h =
1
4(z3)3
(F5 − F4 − c
2
b2
F1)(2− (z3)2)3ijdzi ⊗1 dz j
where Σ = − 12Σµνdxµ ⊗1 dxν and is manifestly antisymmetric corresponding to 
flip(∗ ⊗ ∗)G1 = G1. Indeed, G1 is both quantum symmetric and obeys the reality condition 
since Ricci1, g1 do, and Sˆ  is real and central.
With the results of this section, we can calculate the quantum geometry for all metrics of 
the form (4.1) simply by choosing appropriate parameters for a, b and c.
4.3. FLRW metric case
Comparing the above results with those of the FLRW metric in section 3, there is a disparity 
that previously the quantum metric appeared undeformed while now it has a quantum correc-
tion. We resolve this here. We first specialise the general theory above to the FLRW metric
g = −dt ⊗ dt + a2(t)(dr ⊗ dr + r2δijdzi ⊗ dz j)
where we identify the parameters
a(r, t) = 1, b(r, t) = a(t), c(r, t) = ra(t).
This gives us the ‘quantising’ connection up to undetermined but irrelevant contorsion tensor 
components (which are set to zero for simplicity)
∇(dt) = −aa˙dr ⊗ dr, ∇(dr) = −aa˙(dr ⊗ dt + dt ⊗ dr)
∇(dzi) = −1
r
dr ⊗ dzi − a˙
a
dt ⊗ dzi − δabzidza ⊗ dzb
Meanwhile, for the classical Ricci tensor of the Levi-Civita connection we have
R̂icci = −1
2
(
−3 a¨
a
dt ⊗ dt + (2a˙2 + aa¨) (dr ⊗ dr + r2δijdzi ⊗ dz j))
and the curvature scalar is as in (3.14). Now, the quantum metric comes out as
g1 = gµνdxµ ⊗1 dxν + λr
2
2(z3)2
3ij
(
z3dzi ⊗1 dz j − dz3 ⊗1 zidz j
)
 (4.4)
where xµ refers to coordinates t, r, z1, z2 as we used polar coordinates. Equivalently, g˜ij (where 
the components are in the middle) has quantum correction
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h =
a(t)2r2(2− (z3)2)
(z3)3
3ijdzi ⊗1 dz j (4.5)
For the inverse metric with components g˜ij we obtain
(dz1, dz2)1 = g23 +
λ
2
z3
r2
, (dz2, dz1)1 = g32 − λ2
z3
r2
(dt, dt)1 = g00, (dr, dr)1 = g11, (dz1, dz1)1 = g22, (dz2, dz2)1 = g33
The quantum connection is
∇1(dt) = −Γ̂0µνdxµ ⊗1 dxν − λ2(z3)2 aa˙r
23ij
(
z3dzi ⊗1 dz j − zidz3 ⊗1 dz j
)
∇1(dr) = −Γ̂1µνdxµ ⊗1 dxν + λ2(z3)2 3ij
(
z3dzi ⊗1 dz j − zidz3 ⊗1 dz j
)
∇1(dza) = −Γ̂iµνdxµ ⊗1 dxν + λ2
(
ijkzkzadzi ⊗1 dz j − 1
(z3)2
ai3dz3 ⊗1 dzi
)
Then, by computing (F6 + F5 − F4) = r2(2a˙2 + aa¨) the quantum Ricci tensor is
Ricci1 = R̂µνdxµ ⊗1 dxν − λr
2
4(z3)2
(2a˙2 + aa¨)3ij
(
z3dzi ⊗1 dz j − zidz3 ⊗1 dz j
)
With components in the middle, this comes out as
ρ = − 1
4(z3)3
r2(2a˙2 + aa¨)(2− (z3)2)3ijdzi ⊗1 dz j
and in either case S1 = − 12 Ŝ  in our conventions.
Now these results appear at first sight to be at odds with section 3 since there the quantum 
metric from (3.11) looks the same as classical when written in Cartesian coordinates. We first 
write it in terms of dzi by writing dxi = rdzi − zidr  and note that since zidr = zi • dr, we can 
take such zi terms to the other side of ⊗1. Since also dzi • zi = O(λ2) (sum over i), we find
g1 = −dt ⊗1 dt + a2(t)(dr ⊗1 dr + r2δijdzi ⊗1 dz j)
This begins to look like (4.4) but note that only z1, z2 (say) are coordinates with z3 a function 
of them. In particular,
dz3 = −(z3)−1 • (z1 • dz1 + z2 • dz2) = −(z3)−1(z1dz1 + z2dz2)− λ
2
3ijzidz j
would be needed to reduce to the form of (4.4) where the first term has only dza ⊗1 dzb for 
a, b  =  1, 2. Equivalently, we show that we have the same g˜µν. Considering only the angular 
part δijdzi ⊗1 dz j = dz1 ⊗1 dz1 + dz2 ⊗1 dz2 + dz3 ⊗1 dz3 and examining the last term more 
closely (sum over repeated indices understood)
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dz3 ⊗1 dz3 = (z3)−1 • za • dza ⊗1 (z3)−1 • zb • dzb
=
(
za
z3
+
λ
2
aczc
)
• dza ⊗1
(
zb
z3
+
λ
2
bdzd
)
• dzb
= dza •
(
za
z3
+
λ
2
aczc
)
•
(
zb
z3
+
λ
2
bdzd
)
⊗1 dzb + [ z
a
z3
, dza] • z
b
z3
⊗1 dzb
= dza • z
azb
(z3)2
⊗1 dzb + λ2
(
dza
1
(z3)3
(ab + z3bdzazd + z3aczbzc)⊗1 dzb
− dza 1
(z3)3
cbzcza ⊗1 dzb
)
= dza • z
azb
(z3)2
⊗1 dzb + λ2 dz
a (2− (z3)2)
(z3)3
ab ⊗1 dzb
The • in the first term is left unevaluated so as to obtain g˜ij and we clearly see that we now 
have the same semiclassical correction h as in (4.5). We can perform a similar calculation for 
the quantum Ricci tensor in section 3.2, making the same coordinate transformation as for the 
metric
Ricci1 = −12
(
−3 a¨
a
dt ⊗1 dt +
(
2a˙2 + aa¨
)
(dr ⊗1 dr + r2δijdzi ⊗1 dz j)
)
Indeed, since t and r are central in the algebra, the procedure is simply a repeat of that for 
the metric and clearly results in the same ρ as above. Thus we obtain the same results as in 
section 3 but only after allowing for the change of variables in the noncommutative algebra 
and ⊗1.
4.4. Schwarzschild metric
We now look at some examples of well known metrics that fit the above analysis. For the first, 
we reexamine the Schwarzschild metric case in [10, section7.2]. There it was found that (as 
we would now expect), the quantum Levi-Civita condition is satisfied for a spherically sym-
metric Poisson tensor. A difference however, is that in [10] the torsion tensor was restricted to 
being rotationally invariant. By contrast, no such assumption is made here yet we are still led 
to a unique (con)torsion from theorem 4.1 up to undetermined components which we show do 
not enter into the quantum metric, quantum connection etc. Here
g = −
(
1− rS
r
)
dt ⊗ dt +
(
1− rS
r
)−1
dr ⊗ dr + r2δijdzi ⊗ dz j
so our three functional parameters are
a(r, t) =
(
1− rS
r
) 1
2
, b(r, t) =
(
1− rS
r
)− 12
, c(r, t) = r
giving the ‘quantising’ connection up to undetermined but irrelevant contorsion tensor comp-
onents (which are set to zero for simplicity)
∇(dt) = −
(
1− rS
r
)− 12 rS
r2
(dr ⊗ dt + dt ⊗ dr)
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∇(dr) = −
(
1− rS
r
) 3
2 rS
r2
dt ⊗ dt +
(
1− rS
r
)− 12 rS
r2
dr ⊗ dr
∇(dzi) = −1
r
dr ⊗ dzi − δabzidza ⊗ dzb
As a check, by transforming into spherical polars and likewise neglecting the irrelevant comp-
onents, we can recover the ‘quantising’ connection in [10]. In particular
∇(dθ) = −1
r
dr ⊗ dθ + cos(θ) sin(θ)dφ⊗ dφ
∇(dφ) = −1
r
dr ⊗ dφ− cot(θ)(dθ ⊗ dφ+ dφ⊗ dθ)
which agrees with [10]. Obviously, the classical Ricci tensor for the Levi-Civita connection 
vanishes for the Schwarzschild metric, likewise for the curvature scalar.
Now, the quantum metric comes out as
g1 = gµνdxµ ⊗1 dxν + λr
2
2(z3)2
3ij
(
z3dzi ⊗1 dz j − dz3 ⊗1 zidz j
)
While g˜ij (components in the middle) has quantum correction
h =
r2(2− (z3)2)
(z3)3
3ijdzi ⊗1 dz j
For the inverse metric with components g˜ij we get
(dz1, dz2)1 = g23 +
λ
2
z3
r2
, (dz2, dz1)1 = g32 − λ2
z3
r2
(dt, dt)1 = g00, (dr, dr)1 = g11, (dz1, dz1)1 = g22, (dz2, dz2)1 = g33
The quantum Levi-Civita connection is
∇1(dt) = −Γ̂0µνdxµ ⊗1 dxν
∇1(dr) = −Γ̂1µνdxµ ⊗1 dxν + λr2(z3)2 3ij
(
z3dzi ⊗1 dz j − zidz3 ⊗1 dz j
)
∇1(dza) = −Γ̂iµνdxµ ⊗1 dxν + λ2
(
ijkzkzadzi ⊗1 dz j − 1
(z3)2
ai3dz3 ⊗1 dzi
)
Meanwhile, from calculating the parameter F6 + F5 − F4 = 0, we see that analogous to the 
classical case, the quantum Ricci tensor also vanishes
Ricci1 = 0, ρ = 0, S1 = 0.
4.5. Bertotti–Robinson metric with fuzzy spheres
Another interesting example is the Bertotti–Robinson metric, discussed in the context of a dif-
ferent differential algebra in section 2.4. In order to draw a comparison between this case and 
the previous one, we define our metric as
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g = −a2r2αdt ⊗ dt + b2r−2dr ⊗ dr + c2δijdzi ⊗ dz j
To chime with the conventions in this section, we relabel the constant terms and, compared to 
the metric in section 2.4, the off diagonal component is zero (either by diagonalising or setting 
the corresponding coefficient to zero). So our three functional parameters are
a(r, t) = arα, b(r, t) = br−1, c(r, t) = c
As explained after theorem 4.1, the theorem in this case does not give a unique quantum 
geometry but does give one. Dropping the undetermined and irrelevant contorsion comp-
onents, the ‘quantising’ Poisson-connection comes out as
∇(dt) = −α
r
(dt ⊗ dr + dr ⊗ dt), ∇(dr) = −αr3α a
2
c2
dt ⊗ dt + 1
r
dr ⊗ dr
∇(dzi) = −δabzidza ⊗ dzb
This is markedly different from that in section 2.4 (apart from the different choice of coordi-
nates), in particular with regard to the bimodule relations since previously t was not central. 
We also have the Ricci tensor for the Levi-Civita connection
R̂icci = −1
2
(
α2r2α
a2
b2
dt ⊗ dt − α
2
r2
dr ⊗ dr + δijdzi ⊗ dz j
)
with the corresponding scalar curvature
Ŝ = R̂µνgµν =
2
c2
− 2α
2
b2
The quantum metric is
g1 = gµνdxµ ⊗1 dxν + λc
2
2(z3)2
3ij
(
z3dzi ⊗1 dz j − zidz3 ⊗1 dz j
)
While g˜ij (components in the middle) has the deformation term
h =
c2(2− (z3)2)
(z3)3
3ijdzi ⊗1 dz j
For the inverse metric with components g˜ij we get
(dz1, dz2)1 = g23 +
λ
2
z3
c2
, (dz2, dz1)1 = g32 − λ2
z3
c2
(dt, dt)1 = g00, (dr, dr)1 = g11, (dz1, dz1)1 = g22, (dz2, dz2)1 = g33
Now, the quantum connection is
∇1(dt) = −Γ̂0µνdxµ ⊗1 dxν , ∇1(dr) = −Γ̂1µνdxµ ⊗1 dxν
∇1(dza) = −Γ̂iµνdxµ ⊗1 dxν + λ2
(
ijkzkzadzi ⊗1 dz j − 1
(z3)2
ai3dz3 ⊗1 dzi
)
Again, calculating the parameter F6 + F5 − F4 = 1, the quantum Ricci tensor is
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Ricci1 = −12 R̂µνdx
µ ⊗1 dxν − λ4(z3)2 3ij
(
z3dzi ⊗1 dz j − zidz3 ⊗1 dz j
)
With components in the middle, this comes out as
ρ = − 1
4(z3)3
(2− (z3)2)3ijdzi ⊗1 dz j
and in either case S1 = − 12 Ŝ  in our conventions.
5. Conclusions
In this paper we simplified and extended the study of Poisson–Riemannian geometry intro-
duced in [10] to include a formula for the quantum Laplace–Beltrami operator at semiclas-
sical order (theorem 2.3) and we also looked at the lifting map needed to define a reasonable 
Ricci tensor in a constructive approach to that. Our second main piece of analysis was theo-
rem 4.1 for spherically symmetric Poisson tensors on spherically symmetric spacetimes. We 
found that if the metric components are sufficiently generic (in particular the coefficient of the 
angular part of the metric is not constant) then any quantisation has to have t, dt, r, dr central 
and nonassociative fuzzy spheres [7] at each value of time and radius. We also found that the 
Laplace–Beltrami operator has no corrections at order λ. Key to the startling rigidity here was 
condition (2.14) from [10] needed for the existence of a quantum Levi-Civita connection ∇1. 
Hence if one wanted to avoid this conclusion then [10] says that we can drop (2.14) and still 
have a canonical ∇1 and now with a larger range of spherically symmetric models but with a 
new physical effect of ∇1g1 = O(λ). One can also drop our other assumption in the analysis 
that ω obeys (2.3) for the Jacobi identity. In that generic (nonassociative algebra) context we 
noted that spherical symmetry and Poisson-compatibility leads to a unique contorsion tensor, 
while imposing the Jacobi identity leads to half the modes of S being undetermined but in such 
a way that the contravariant connection ωαβ∇β more relevant to the quantum geometry is still 
unique. This suggests an interesting direction for the general theory.
The paper also included detailed calculations of the quantum metric, quantum Levi-
Civita connection and quantum Laplacian for a number of models, some of them, such as 
the FLRW, Schwarzschild and the time-central Bertotti–Robinson model being covered by 
theorem 4.1. The important case of the FLRW model was first solved directly in Cartesian 
coordinates both as a warm up and as an independent check of the main theorem (the needed 
quantum change of coordinates was provided in section 4.3). Two models not covered by our 
analysis of spherical symmetry are the 2D bicrossproduct model for which most of the alge-
braic side of the quantum geometry but not the quantum Laplacian was already found in [9], 
and the non-time central but spherically symmetric Bertotti–Robinson model for which the 
full quantum geometry was already found in [28] (this case is not excluded by theorem 4.1 
since the coefficient of the angular metric is constant). In both cases the quantum spacetime 
algebra is the much-studied Majid–Ruegg spacetime [xi, t] = λxi in [26]. The non-time cen-
tral Bertotti–Robinson model quantises Sn−1 × dS2 and the quantum Laplacian in section 2.4 
is quite similar to the old ‘Minkowski spacetime’ Laplacian for this spacetime algebra which 
has previously led to variable speed of light [1] in that, provided wave functions are nor-
mal ordered, one of the double-differentials becomes a finite-difference (the main difference 
from [1] is that this time there is an actual quantum geometry forcing the classical metric not 
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to be flat [28]). However, when we analysed this within Poisson–Riemannian geometry we 
found no order λ correction to the quantum Laplacian. We traced this to the formula for the 
bullet product in Poisson–Riemannian geometry in [10] being realised on the classical space 
by an antisymmetric deformation, which is analogous to Weyl-ordered rather than left or 
right normal ordered functions in the noncommutative algebra being identified with classical 
ones. Our conclusion then is that order λ predictions from such models [1] were an artefact 
of the hypothesised normal ordering assumption and that theorem 2.3 is a more stringent 
test within the paradigm of Poisson–Riemannian geometry. We should not then be too sur-
prised that order λ corrections are more rare than one might naively have expected from the 
formula in theorem 2.3. The 2D bicrossproduct model in section 2.3 does however have an 
order λ deformation to the quantum Laplacian even within Poisson–Riemannian geometry 
and we were able to solve the deformed massless wave equation at order λ using Kummer 
functions (i.e. it is effectively the Kummer equation). This behaviour is reminiscent of the 
minimally coupled black hole in the wave operator approach of [25] without yet having a 
general framework for the physical interpretation of the order λ deformations obtained from 
Poisson–Riemannian geometry.
It is even less clear at the present time how to draw physical conclusions from our formulae 
for the quantum metric g1 and quantum Ricci tensor Ricci1. In the FLRW model for example 
we found that g1 looks identical to the classical metric but of course as an element of the 
quantum tensor product Ω1 ⊗1 Ω1. The physical understanding of how quantum tensors relate 
to classical ones is suggested here as a topic of further work. Another topic on which we made 
only a tentative comment at the end of section 4.2, is what should be the quantum Einstein ten-
sor. Its deformation could perhaps be reinterpreted as an effective change to the stress energy 
tensor. This is another direction for further work.
Appendix. Match up with the algebraic bicrossproduct model
This is a supplement to section  2.3 in which we will verify that the semiclassical theory 
obtained by our tensor calculus formulae agrees with the order λ part of the full quantum 
geometry found for this model by algebraic means in [9]. This provide a completely indepen-
dent check of the main formulae in section 2.1.
We let ν = r • dt − t • dr = v+ λ2 dr and the (full) quantum metric, inverse quantum met-
ric and quantum Levi-Civita connection in [9] are
g1 = (1+ bλ2)dr ⊗1 dr + bν ⊗1 ν − bλν ⊗1 dr
(ν, ν)1 = b−1, (dr, ν)1 = 0, (ν, dr)1 =
λ
1+ bλ2
, (dr, dr)1 =
1
1+ bλ2
∇1dr = 8br(4+ 7bλ2)v⊗1 ν −
12bλ
r(4+ 7bλ2)
v⊗1 dr
∇1ν = − 4bλr(4+ 7bλ2)v⊗1 ν −
8(1+ bλ2)
r(4+ 7bλ2)
v⊗1 dr
(there is a typo in the coefficient of β′ in [9]).
We note immediately by expanding g1 to O(λ) and changing from ν to v that
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g1 = dr ⊗1 dr + bv⊗1 v+ bλ2 (dr ⊗1 v− v⊗1 dr)
= gµνdxµ ⊗1 dxν + bλ2 dr ⊗1 v− λbv⊗1 dr
= gµνdxµ ⊗1 dxν + λ2 btdr ⊗1 dr +
λ
2
brdr ⊗1 dt − λbrdt ⊗1 dr
the same as we obtained from (2.9). We used rdt = r • dt − λ2 dr  to move all coefficients 
to the left through ⊗1 in order make this comparison. We can do a similar trick with 
rdt = (dt) • r + λ2 dr to put the coefficients in the middle, giving
g1 = dr ⊗1 dr + b(dt) • r2 ⊗1 dt + b(dr) • t2 ⊗1 dr − b(dr) • t • r ⊗1 dt
− b(dt) • r • t ⊗1 dr + bλ(dr ⊗1 v− v⊗1 dr)
so that
g˜µν = gµν +
λ
2
(
0 −3br
3br 0
)
.
which agrees with g˜µν implied by hµν = −3brµν as computed from (2.12).
Similarly, working to O(λ), the quantum connection from [10, proposition 7.1] is
∇1dr = 2br (v⊗1 v− λv⊗1 dr)
=
2b
r
v⊗1 (r • dt − t • dr − λ2 dr)− λ
2b
r
v⊗1 dr
= 2bv⊗1 dt − 2bv(r−1 • t)⊗1 dr − λ3br v⊗1 dr
= −Γ̂1µνdxµ ⊗1 dxν − 2λb(dt − r−1tdr)⊗1 dr
in the same manner as the computation of v⊗1 v for the metric, which agrees with the correc-
tion in Γ11µν  of
λ
2
ωαβΓ̂1µ0,αΓ
0
βν − λ2ω
αβΓ̂100Γ
0
αµΓ
0
βν − λ2ω
01S10κ∇1Sκµν
= −λ
2
Γ̂1µ0,ν − λbµν − λ2 rΓ̂
1
0κ∇1Sκµν = 2λb
(
0 1
0 −r−1t
)
in lemma 2.2. Here
∇1S0µν =
− 2btr 2(1+bt2)r2
2bt2
r2 −
2t(1+bt2)
r3
 , ∇1S1µν = (−2b 2btr2bt
r − 2bt
2
r2
)
where ∇1 in this context means with respect to r. Similarly, the semiquantum connection 
∇1v = − 2r (v⊗1 dr + bλv⊗1 v) implies
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∇1dt = ∇1(r−1 • v+ (r−1t) • dr) = dr−1 ⊗1 v+ d(r−1t)⊗1 dr + r−1 • ∇1v+ (r−1t) • ∇1dr
= −r−2dr ⊗1 (r • dt − t • dr − λ2 dr)− r
−2tdr ⊗1 dr + r−1dt ⊗1 dr
− 2r−2(v⊗1 dr + bλv⊗1 v) + 2b(r−1t) • r−1(v⊗1 v− λv⊗1 dr)
= −r−1dr ⊗1 dt + (r−2 • t)dr ⊗1 dr + λ2 r
−2dr ⊗1 dr − r−2tdr ⊗1 dr + r−1dt ⊗1 dr
− 2r−2v⊗1 dr − λbr−2v⊗1 v+ 2br−2tv⊗1 (r • dt − t • dr − λ2 dr)− λ2br
−2tv⊗1 dr
= −r−1dr ⊗1 dt + r−2tdr ⊗1 dr − λ2 r
−2dr ⊗1 dr − r−2tdr ⊗1 dr + r−1dt ⊗1 dr
− 2r−2v⊗1 dr − λbr−2v⊗1 v+ 2b(r−2t) • rv⊗1 dt − 2b(r−2t) • tv⊗1 dr − λ3br−2tv⊗1 dr
= −Γ̂0µνdxµ ⊗1 dxν − λ2 r
−2dr ⊗1 dr − λbr−2v⊗1 v− λbr−1v⊗1 dt − λbr−2tv⊗1 dr
= −Γ̂0µνdxµ ⊗1 dxν − λ2 r
−2dr ⊗1 dr − 2λb(dt − r−1tdr)⊗1 dt
which agrees with the correction to Γ10µν  of
λ
2
ωαβΓ̂0µ0,αΓ
0
βν − λ2ω
αβΓ̂000Γ
0
αµΓ
0
βν − λ2ω
01S00κ∇1Sκµν
= −λ
2
Γ̂0µ0,ν − λbr−1tµν − λ2 rΓ̂
0
0κ∇1Sκµν = λ
(
2b 0
− 2btr 12r2
)
in lemma 2.2.
Next note that because ∇v = ∇dr = 0, we do not have any corrections to products with 
these basic 1-forms and this allows us to equally well write
df = (∂rf ) • dr + (∂vf ) • v
with the classical derivatives if we use this basis. Then working to O(λ),
1f = (, )1∇1df = (, )1((∂rf ) • ∇1dr + (∂vf ) • ∇1v + d∂rf ⊗1 dr + d∂vf ⊗1 v)
= (, )1((∂rf ) • 2br v⊗1 v− (∂rf ) •
2bλ
r
v⊗1 dr − (∂vf ) • 2r v⊗1 dr − (∂vf ) •
2bλ
r
v⊗1 v
+ (∂2r f )dr ⊗1 dr + (∂v∂rf )v⊗1 dr + (∂r∂vf )dr ⊗1 v + (∂2v f )v⊗1 v)
= (∂rf )
2b
r
b−1 +
λ
2
∂v∂rf2bb−1 − (∂vf )2r
λ
2
− (∂vf )2bλr b
−1
+ (∂2r f ) + (∂v∂rf )
λ
2
− (∂r∂vf )λ2 + (∂
2
v f )b
−1
= f + λ(−3
r
∂vf +
1
2
[∂v, ∂r] f + ∂v∂rf )
= f + λ
(
1
r
∂
∂t
∂
∂r
f +
t
r2
∂2
∂t2
f − 1
r2
∂
∂t
f
)
where we used h • r−1 = hr−1 + λ2 ∂vh for any function h and, to O(λ),
(v, v)1 = b−1, (dr, v)1 = −λ2 , (v, dr)1 =
λ
2
, (dr, dr)1 = 1.
This agrees with the quantum Laplacian to order λ obtained in section 2.3.
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In this model we can in fact write down the full quantum Laplacian in noncommutative 
geometry in the setting of [9] just as easily and we do this now as it was not done in that work. 
We again write
df = (∂rf ) • dr + (∂vf ) • ν
where ∂r, ∂v  are now quantised versions of the ones before and are derivations of the noncom-
mutative algebra since dr, v are central. They obey
∂vf (r) = 0, ∂vf (t) = r−1 • ∂0f , ∂rf (r) = f ′, ∂rf (t) = −r−1 • t∂0f
as easily found using the derivation rule, the values on r, t and the relations t • r−1 =
r−1 • (t + λ) in the algebra. Here ∂0f (t) = λ−1( f (t + λ)− f (t)) is a finite difference. Then 
for any f in the algebra, one can compute (, )1∇1df  using the full expressions above to obtain
1f =
(8− 6bλ2)∂rf − λ(8+ 4bλ2)∂vf
4+ 7bλ2
• r−1 + ∂
2
r f + λ∂v∂rf
1+ bλ2
+ b−1∂2v f
for ∇1 the quantum Levi-Civita connection stated above for this model.
Finally, the work [9] already contained the full quantum Ricci as proportional to the 
quant um metric. The first ingredient for this is the quantum Riemann tensor in [9] and expand-
ing this gives
Riem1(dr) = −2b 1r2 • ν ∧1 dr ⊗1 (r • dt − t • dr) +
7bλ
r
dt ∧ dr ⊗ dr
= −2bdt ∧1 dr ⊗1 dt + 2b 1r2 • t • r • (dt ∧1 dr)⊗1 dr +
7bλ
r
dt ∧ dr ⊗ dr
= −2bdt ∧ dr ⊗1 dt + 2b
(
t
r
+
λ
2r2
{t, r}+ λ
2
{ 1
r2
, t}r
)
• (dt ∧ dr)⊗1 dr
+
7bλ
r
dt ∧ dr ⊗ dr
= −2bdt ∧ dr ⊗1 dt + 2b( tr ) • (dt ∧ dr)⊗1 dr +
4bλ
r
dt ∧ dr ⊗ dr
= −1
2
R̂1βµνdxµ ∧ dxν ⊗1 dxβ + 5λbr dt ∧ dr ⊗1 dr + O(λ
2).
where we use ν, dr central for the second equality, then dt ∧1 dr = dt ∧ dr  and 
∇1(dt ∧ dr) = −r−1dt ∧ dr. There is a similar formula for Riem1(dt) obtained from 
Riem1(ν) = r • Riem1(dt)− t • Riem1(dr) given in [9] and expanding. Thus the curvature 
agrees with (2.24) obtained from our tensor formulae.
Next the lifting map i1 was given by the method in [9] uniquely (by the time the reality 
property is included) as,
i1(ν ∧1 dr) = 12 (ν ⊗1 dr − dr ⊗1 ν) +
7λ
4
g1 + O(λ2)
according to the order λ part of the full calculation in [9, section 6.2.1] (the 9/4 in [9, equa-
tion (5.21)] was an error and should be 7/4). It was then shown in [9] that Ricci1 = g1/r2. 
Expanding the quantum metric from [9] as recalled above, the quantum Ricci is to O(λ2),
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Ricci1 =
1
r2
• (dr ⊗1 dr + br • ν ⊗1 dt − bt • ν ⊗1 dr − bλν ⊗1 dr)
=
1
r2
dr ⊗1 dr + br (v+
λ
2
dr)⊗1 dt − ( br2 • t)(v+
λ
2
dr)⊗1 dr − br2λv⊗1 dr
= −1
2
R̂µνdxµ ⊗1 dxν − λ2
bt
r2
dr ⊗1 dr + λ2
b
r
dr ⊗1 dt
= −1
2
R̂µνdxµ ⊗1 dxν + λ2
b
r2
dr ⊗1 v+ O(λ2).
where the second equality uses ∇dr = ∇v = 0 so that bullet products with these are classical 
products. For the third equality we used { 1r2 , t} = − 2r2  from the • which cancels the last term. 
We obtain exactly this answer by calculation from (2.21).
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Conclusion
5.1 Summary
At last, we conclude this thesis with a brief summary of results and considerations for
further research. The overall aim has been to consider and investigate the appearance of
non-locality in gravity within different formalisms. Our approach has been to investigate
quantum gravity effects using approaches based on theory techniques.
In the first paper 2 we considered a form of nonlocality which emerges from a basic
combination of quantum field theory with general relativity. Using the known result of
the re-summed graviton propagator, it was shown to modify the scattering amplitude in
a scalar field theory. It was argued that one could equally consider these modifications
resulting from higher order effective operators which include the nonlocal term ln(−/µ2).
After showing that this operator could be resolved in a way that conserves causality, the
resulting effective field theory was applied to cosmology, taking the scalar field as an in-
flaton. Here we demonstrated that the nonlocality has an effect on the cosmic microwave
background in that it causes deviation from the standard prediction for the speed of sound.
This predicted effects of order ∼ NG2N dependant on the number of particles. Though
small, depending on N , it these may be measurable with future experiments.
From this point on we changed tact and considered noncommutative geometry as a con-
structive approach to the problem of quantum gravity. It shares with the previous sections
the feature of nonlocality, but this time in a theory where the notion of fundamental length
is ‘built in’ in the form of a deformation parameter. The second paper 3 made the first
foray into this subject at the level of effective field theory. The quantization was based
on the canonical or Heisenberg algebra and applied to general relativity. Here we used
the fact that the symmetries allowed by the algebra restrict us to considering unimodular
gravity and showed that a homogeneous field does not result in corrections to the slow roll
parameters for inflation. However, it was noted that perturbations to the field need not be
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homogeneous. Using that fact that unimodular and standard general relativity are equi-
valent, it was argued how previous results on the power spectrum of the cosmic microwave
background apply to our model, giving bounds on the parameter of noncommutativity.
The last paper 4 examined noncommutative geometry beyond the level of an effective
field theory. Taking the view that quantum gravity ought ot be described by quantum
geometry, it represented to first attempt to apply the recently developed formalism of
Poisson-Riemannian geometry to a physical metric. We also introduced the Laplace-
Beltrami operator at the semiclassical level. Principally, it was demonstrated that generic
spherically symmetric spacetimes have a unique quantization to first order in deformation
and that there exists a quantum Levi-Civita connection. As a result we were able to obtain
expressions for the Riemann, Ricci and metric tensors as well a Ricci scalar and inverse
metric to the same order. From this was shown how the result applies to commonly used
physical metrics e.g. FLRW.
5.2 Future Study
With that all being said, the obvious question seems to be “now what?”. It seems more
appropriate to look at the individual topics and see what questions are still open.
The first paper is arguably rather comprehensive. It takes an established result and
examines its consequences in a physical setting. The conclusion drawn form this is that
while there is an effect, it is outside the reach of current experiments. A further avenue
for research would be to investigate similar nonlocal operators on different spacetimes as
in, for example, [38, 39].
The final paper leaves open questions in regard to physical predictions. As stated in
the conclusion, it is difficult to extract any physical data from the model presented. A
simple approach would have been to examine O(λ) contributions to scalar objects like
1 or S1, however these were shown to vanish. Meanwhile, quantum tensors like g1 and
Ricci1 do have first order corrections, but how to relate these classical tensors is not clear.
Understanding this relation would be necessary in order to extract physical data and is
still outstanding.
An alternative possibility for examining physical implications is presented at the end of
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section 2.5 of the last paper. Here we show that to first order in deformation, the algebra
is equivalent to a particular cochain twist for a fuzzy nonassociative sphere. It would
therefore be possible to extend the quantization to O(λ2) by twisting, possibly yielding
non-zero contributions to the quantum Laplace operator or Ricci scalar. In the case of
the former, this would allow for the extraction of physical predictions from the theory.
The drawback of this procedure is the loss of generality provided by Poisson-Riemannian,
which describes some general deformation and is agnostic about the procedure through
which it is obtained.
One can also envisage further development of Poisson-Riemannian geometry itself. We
introduced the Laplace-Beltrami operator and suggested a form for a quantum Einstein
tensor. The latter is however a hypothesis that applies only to the case of spherical met-
rics. A general quantum Einstein tensor is still an open question in Poisson-Riemannian
and noncommutative geometry in general with first steps being taken in [40]
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Algebras
In this section we define several notions and concepts along with their notation used
throughout this thesis. So first define a group which is the double (G, ◦) consisting of the
set G and composition ◦ : G×G→ G satisfying for all f, g, h ∈ G
• Closure: f ◦ g ∈ G
• Associativity: (f ◦ g) ◦ h = f ◦ (g ◦ h)
• Identity: There exists and element e ∈ G so that e ◦ f = f ◦ e = e
• Inverse: For any element f there exists f−1 ∈ G so that f ◦ f−1 = f−1 ◦ f = e
In particular, we can have additive group structure (G,+) where the identity is usu-
ally denoted by 0. Groups of this sort are abelian, i.e. the composition is commutative
f + g = f + g. Another common case is a multiplicative group (G, ·) where the unit is
usually denoted as 1. This can be, but generally isn’t, abelian e.g. the group of n×n real
matrices GL(n). Note that relaxing the requirement for an inverse gives a semigroup.
Next, define a field as the triple (k, ·,+) where k is a set on which is defined a product (or
multiplication) and sum (or addition). Generally it requires
• (k,+) an additive abelian group
• (k − {0}, ·) a multiplicative abelian group
• For a, b, c ∈ k compatibility between the group structures in the form a · (b + c) =
a · b+ a · c
If we relax the conditions on the multiplicative structure so that it is merely a semigroup
and/or not abelian, k is referred to as a ring.
A vector space is the triple (V,+, k) where k is a field and (V,+) an abelian group. The
group k∗ ≡ k−{0} acts multiplicatively on V , that is it has an action · : k∗×V → V which
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is compatible with the additive structure of the vector space so a · (v + w) = a · v + a · w
for a ∈ k∗ and v, w ∈ V .
Now, if (V,+, k) is a vector space, there is also a dual vector space V ∗ = Link(V, k)
of k-linear maps from V to k. Taking a, b ∈ k and φ ∈ V ∗, this means we have
φ(av+ bw) = aφ(v) + bφ(w). We can then define φ(v) = v(φ) by which we have V ∗∗ ⊆ V .
Taking two vector spaces (V,+, k) and (W,+, k) over the same field k we can form the
tensor product vector space (V ⊗W,+, k). Taking v1, v2 ∈ V and w1, w2 ∈ W , in general
elements in the product can be written v⊗w ∈ V ⊗W and have the defining relationships
• v1 ⊗ w1 + v2 ⊗ w2 = v2 ⊗ w2 + v1 ⊗ w1
• v1a⊗ w1 = v1 ⊗ aw1
• v1 ⊗ (w1 + w2) = v1 ⊗ w1 + v1 ⊗ w2
• (v1 + v2)⊗ w1 = v1 ⊗ w1 + v2 ⊗ w1
where as before a ∈ k. With respect to the dual vector spaces V ∗,W ∗ we also have that
V ∗⊗W ∗ ⊆ (V⊗W )∗. Furthermore, note that k can be thought of as a vector field over itself
and by taking a⊗v1 → av1 and v1⊗a→ v1a we have the isomorphisms k⊗V ∼= V ∼= V ⊗k.
Finally, an algebra is (A, ·,+, k) where (A, ·,+) is a ring and k a field. It carries a mul-
tiplicative action of k on A which is compatible with both the additive structure of A as
well as its own multiplicative one. So, in a addition to A being a vector space over k,
it also satisfies b(vw) = (bv)w = v(bw) for all b ∈ k and v, w ∈ A.There is also a tensor
product of algebras so for (A, ·,+, k) and (B, ·,+, k), we can define (A⊗B, ·,+, k). Then
for v1, v2 ∈ A and w1, w2 ∈ B the product is (v1 ⊗ w1) · (v2 ⊗ w2) = v1 · v2 ⊗ w1 · w2.
A⊗A⊗A
A⊗A A⊗A
A
·⊗id id⊗·
· ·
A⊗A
k ⊗A A A⊗ k
·η⊗id id⊗η
(A.0.1)
In addition to all of the above, we want the algebra (A, ·,+, k) to be associative with respect
to the product, which is of course compatible with k. This is most simply expressed to
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viewing the product as a k-linear map · : A ⊗ A → A and then demanding that the first
diagram A.0.1 commute (as explained in B). On top of this we also want a unit 1A ∈ A
which can be defined using the linear map ηv : k → A which acts as ηv(k) = kv. Obviously
ηv(1) = v so that for η ≡ η1A , the two remaining diagrams in A.0.1 commute.
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Monoidal Categories
Here we aim to give a basic definition of categories, in particular monoidal categories,
as used in this thesis. This is by not supposed to be an exhaustive introduction to the
subject, but simply a brief overview and definitions of the terms used in the text.
Generally, a category C consists of
• A collection ob(C) called objects
• A collection hom(C) of morphisms or maps between objects
Take a, b, c ∈ ob(C). Every morphism has a source object a and target object b so the
set of morphisms between any two objects is denoted hom(a, b). One can construct the
composition of morphisms hom(a, b)×hom(b, c)→ hom(a, c) by taking f ∈ hom(a, b) and
g ∈ hom(b, c), then g◦f ∈ hom(a, c). There also exists for each object an identity morphism
so that ida ∈ hom(a, a) maps objects to itself. Now consider additionally h ∈ hom(c, d).
We then require that all morphisms in hom(C) satisfy
• Associativity: f ◦ (g ◦ h) = (f ◦ g) ◦ h
• Identity: f ◦ ida = f and idb ◦ f = f
The language of category theory is that of commutative diagrams. For example, the
composition of morphisms mentioned above can be expressed as
a c
b
g◦f
f g (B.0.1)
and the diagram is said to commute. Now, say we take the morphisms f ∈ hom(a, b),
g ∈ hom(a, c), h ∈ hom(c, d) and k ∈ hom(b, d) then this can similarly be expressed in
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diagrammatic form as
a b
c d
f
g k
k
(B.0.2)
If this diagram commutes we have k ◦ f = h ◦ g. This representation is useful to express
abstract relations between quantities and makes it easy to keep track of them.
We can also define a functor, a map between different categories. Take two categories
C and D and a functor so that F : C → D. This has the following properties
• To each a ∈ ob(C) it associates an object in D so that F (a) ∈ ob(D)
• To each f ∈ hom(C) it associates a morphism in D so that F (f) ∈ hom(D)
The functor preserves the identity F (ida) = idF (a) and composition F (f ◦g) = F (f)◦F (g)
If C is a monoidal category, it possess additional structures to the ones shown above.
• A functor ⊗ : C × C → C called the tensor product
• A unit object 1 ∈ ob(C)
• A morphism α : C ⊗ C ⊗ C → C ⊗ C ⊗ C called the associator
• Two morphisms, the left unitor ρ : 1⊗ C → C and right unitor λ : C ⊗ 1→ C
In the first condition, the tensor product is formally a map from a product category, hence
it is described as a functor. For our purposes it is enough to note that the tensor product
of two objects is itself an object in C, similar to the axiom for group multiplication. We
required two coherence conditions to hold. The first is expressed in the so-called triangle
diagram which we require to commute
(a⊗ 1)⊗ b a⊗ (1⊗ b)
a⊗ b
αa,1,b
ρ⊗idb ida⊗λ (B.0.3)
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An important property of the tensor product that it is associative up to a natural iso-
morphism given by the associator. The necessary compatibility condition requires the
following diagram to commute.
(a⊗ b)⊗ (c⊗ d)
((a⊗ b)⊗ c)⊗ d a⊗ (b⊗ (c⊗ d))
(a⊗ (b⊗ c))⊗ d a⊗ ((b⊗ c)⊗ d)
αa,b,c⊗dαa⊗b,c,d
αa,b,c⊗idd
αa,b⊗c,d
ida⊗αb,c,d
(B.0.4)
Lastly, we note that in the case presented in 1.3.4, the associator is trivial i.e. α =
id⊗ id⊗ id as well as λ = ρ.
